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ABSTRACT 

We study four-point correlation functions of ^-BPS operators in = 4 SYM which are 
dual to massive KK modes in AdSs supergravity. On the field theory side, the procedure of 
inserting the SYM action yields partial non-renormalisation of the four-point amplitude for 
such operators. In particular, if the BPS operators have dimensions equal to three or four, 
the corresponding four-point amplitude is determined by one or two independent functions 
of the two conformal cross-ratios, respectively. This restriction on the amplitude does not 
merely follow from the superconformal Ward identities, it also encodes dynamical informa- 
tion related to the structure of the gauge theory Lagrangian. 

The dimension 3 BPS operator is the AdS/CFT dual of the first non-trivial massive Kaluza- 
Klein mode of the compactified type IIB supergravity, whose interactions go beyond the 
level of the five-dimensional gauged M = 8 supergravity. We show that the correspond- 
ing effective Lagrangian has a surprisingly simple sigma-model-type form with at most two 
derivatives. We then compute the supergravity-induced four-point amplitude for the dimen- 
sion 3 operators. Remarkably, this amplitude splits into a "free" and an "interacting" parts 
in exact agreement with the structure predicted by the insertion procedure. The underlying 
OPE fulfills the requirements of superconformal symmetry and unitarity. 
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1 Introduction 



In the past few years the holographic relation between supergravity (string) theories on 
AdS backgrounds and certain conformal field theories living on the corresponding AdS 
boundaries has been studied and tested by various means. The most typical example is the 
M = 4 super- Yang-Mills (SYM) theory whose conjectured holographic dual is the type IIB 
supergravity (string) theory on AdS^ x S^. Our current understanding of this basic example 
is primarily based on superconformal kinematics, as the isomctry group of the supergravity 
theory coincides with the superconformal symmetry group of its dual. In this respect it is 
highly desirable to learn how to separate the actual dynamical statements from those due 
to superconformal symmetry and to subsequently put the former to the test. 

The string spectrum on the AdS^ x background is presently unavailable. Thus, our 
current studies arc confined to AdS^ supergravity that is dual to the limit of the gauge 
theory where the 't Hooft coupling A = Qym-^ infinite and the rank N of the gauge 
group SU(iV) is large. Compactifying type IIB supergravity on the five-dimensional sphere 
results in an infinite tower of (generically massive) Kaluza-Klein (KK) modes. According 
to the superconformal kinematics, their field-theory duals are the so-called ^-BPS opera- 
tors. They form short superconformal multiplets whose lowest-weight states are annihilated 
by half of the Poincare supercharges. The conformal dimensions and more generally, the 
two- and three-point correlation functions of the ^-BPS operators are protected from quan- 
tum corrections, but the four-point functions are not. The OPE spectrum of two ^-BPS 
operators is rich, coupling-dependent and generically contains unprotected (long) super- 
multiplets. Thus, the four-point correlators of ^-BPS operators encode some genuinely 
dynamical information and hence are interesting objects to study both in field theory and 
in the supergravity approximation. 

The superconformal kinematics puts constraints on the four-point amplitude in the form 
of superconformal Ward identities. Their solution admits a functional freedom providing a 
window for the non-trivial dynamics. Further restrictions on the correlation functions can 
be obtained by a dynamical mechanism. It consists in generating the quantum corrections to 
the amplitude by insertion of the SYM action (the insertion procedure) and has the effect 
of reducing the functional freedom in the amplitude (partial non-renormalisation). This 
procedure is purely field-theoretic and it relies on the existence of a Lagrangian description 
of the theory. However, its prediction, i.e. the particular form of the amplitude compared to 
the general solution of the superconformal Ward identities, can be confronted with concrete 
supergravity-induced correlators computed in AdS^ supergravity. This is one of the most 
probing tests of the AdS/CFT duality available today. 

Our concrete knowledge of the supergravity-induced four-point amplitudes has up to 
now been exhausted by a single example, the correlator of |-BPS operators of the lowest 
allowed dimension 2. The corresponding supermultiplet is rather special, as it contains the 
conserved R symmetry current and the stress tensor of the J\f = 4 theory. It is dual to 
the graviton multiplet of the gauged M = 8 five-dimensional supergravity comprising the 
massless KK modes of the type IIB supergravity compactification. 

Clearly, to start bringing out the flavor of the more involved ten-dimensional physics one 
has to go beyond the massless sector of the theory and obtain new examples of supergravity- 
induced four-point correlators involving BPS operators of higher dimension. In this paper we 
make a first step in this direction by studying the general form of the four-point amplitude 
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for 2-BPS operators of dimension 3 and then comparing it to an explicit supergravity 
computation. 

As mentioned earlier, this time we cannot restrict ourselves to the gauged M = 8 super- 
gravity but should rather start from the full ten-dimensional theory. The ^-BPS operators 
of dimension k are AdS/CFT dual to the KK modes Sk transforming in the irrep [0, k, 0] of 
SO (6). To compute the corresponding supergravity- induced four-point amplitude one first 
has to find the action for the fields up to quartic order. This is a hard problem primarily 
due to the absence of a suitable Lagrangian formulation of the type IIB supergravity (the 
well-known self-duality problem). One way to solve it is to expand the covariant equations 
of motion of type IIB supergravity around the background solution and find the quadratic 
and cubic corrections to the free AdS equations of motion. Using the freedom of perturba- 
tive field redefinitions, one is able to recast these equations into a Lagrangian form. This 
approach has lead to an effective action in AdS^ space which allows the computation of four- 
point correlators for ^-BPS operators of arbitrary dimension (see Section 0] for references 
and a brief review). The effective action has the following remarkable properties: 

• the quartic couplings contain terms with four and two derivatives only; 

• it admits a consistent truncation to the massless graviton multiplet and the corre- 
sponding action coincides with that of the gauged = 8 five-dimensional supergravity 
on AdS^; 

• the quartic couplings corresponding to the so-called extremal or subextremal correla- 
tors vanish; 

• the four-point correlation functions in the boundary CFT derived from this action 
obey the predictions of the field-theoretic insertion procedure. 

The latter property is probably the most non-trivial one. It has so far been verified for 
^-BPS operators of dimension 2. One of the principal aims of the present paper is to carry 
out a similar test in the case of dimension 3. Again we find a remarkable agreement. One of 
the surprising features of the supergravity-induced amplitude in both cases is the splitting 
into a "free" and an "interacting" parts, exactly following the field theory pattern where 
the free amplitude is supposed to receive quantum corrections. This is indeed unexpected, 
since in supergravity there is no analog of the coupling constant which makes the splitting 
natural in field theory. All this is not only a non-trivial check of the effective supergravity 
action but it also supports the field-theoretic arguments for the partially non-renormalised 
form of the amplitude. Last but not least, it provides strong evidence for the AdS/CFT 
duality. 

It should also be pointed out that after specifying the explicit representation content 
of the fields involved, the resulting quartic effective action turns out to be rather simple. 
The quartic couplings with four-derivative vertices actually vanish, at least in the case we 
consider here. In other words, the action is of the sigma-model type. Therefore it would be 
highly desirable to develop a systematic superspace procedure for the construction of the 
supergravity effective action. This could eventually unravel its hidden symmetry structure 
and simplicity. 

Another interesting problem is to understand the relationship between four-point am- 
plitudes of |-BPS operators of different dimensions. Indeed, adding at least one KK mode 
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to the massless graviton multiplet causes the whole infinite tower of massive KK modes to 
emerge. In other words, all the higher KK modes are tightly bound together in a unique 
interacting Lagrangian. It seems plausible that this would have implications for the corre- 
lators derived from such a Lagrangian. 

Finally, one can reverse the logic of passing from supergravity to gauge theory and ask 
the question to what extent are the quartic (contact) terms in the effective action (or even 
the whole action) fixed by requiring the corresponding four-point amplitude to satisfy the 
restrictions imposed by the insertion procedure. We hope to come back to this question in 
the future. 

The paper is organised as follows. In Section 2 we discuss the general form of the four- 
point amplitude of ^-BPS operators based on the conformal, R and crossing symmetries. 
In Section 3 we provide field-theoretic arguments leading to the partially non-renormalised 
form of the amplitude. We show that for the "quantum part" of the four-point correlator 
of dimension 3 operators the insertion formula predicts a single function of the conformal 
cross-ratios instead of three such functions. In Section 4 we compute the corresponding 
supergravity-induced four-point amplitude and in Section 5 we verify the CFT predictions 
from Section 3. Finally, in Section 6 we perform a partial OPE analysis of the amplitude 
and obtain the large N corrections to the scaling dimensions of the long multiplets. The 
computational details are gathered in several appendices. 

2 General four-point amplitudes 

According to the AdS/CFT duality conjecture [U IS , the KK modes of the ^^^5 x 
compactification of type-IIB supergravity are mapped into |-BPS multiplets of the Af = A 
SYM theory whose lowest components are scalar fields of conformal dimension A; > 2 in 
the irrep [0, A:,0] of the R symmetry group S0(6) ~ SU(4). For k = 2 this is the so-called 
stress-tensor multiplet corresponding to the massless AdS supergravity multiplet. For fc > 3 
we are dealing with non-trivial (massive) KK modes. In this section we discuss the general 
structure of the correlator of four identical operators , predicted on the basis of conformal, 
R and crossing symmetry. In particular, we determine the number of independent conformal 
invariant functions which specify such correlators for k = 2, 3, 4 and we outline a method 
to do this for general k. 

The composite operators with a suitably normalised two-point function are of the 
form 

O^ = C7^..,^Tr(c/>'^.-.0*'=). (2.1) 

Here (f)\ i = 1, . . . ,6 are the = 4 SYM scalars and C/^., are traceless symmetric tensors 
obeying the normalisation condition C- C/ = S^'^ , which describe the irreducible 
representations [0,/c,0]. 

The R symmetry content of the OPE of two identical operators O^^ and O^'^ is deter- 
mined by the corresponding tensor product decomposition 

k k-p 

[0, k, 0] X [0, k,0]=J2Yl [«' 2fc - 29 - 2p, q] . (2.2) 

p=0 q=0 
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The total number of terms in the right-hand side of is ^{k + l){k + 2). According to 

the general arguments in |1I-[ZI! all the OPE channels with q = 0,1 contain only protected 
(BPS or semishort) operators. 

The decomposition (|2.2() provides the basis for an OPE expansion of the four-point 
amplitude (0(1)0(2)0(3)0(4)). However, in field theory there exists a different basis which 
naturally arises by connecting the four points with free propagators (Wick contractions). 
The free propagator for the elementary AT = 4 SYM scalars is 

{cP'ixiWix^)) = ^ . (2.3) 

^12 

A convenient way of keeping track of the SO (6) indices is to project them with "harmonic 
variables" , i.e. a complex vector Ui satisfying the conditions 

UiUi = , UiUi = 1 . (2.4) 

This vector provides a harmonic description of the coset space SO(6)/SO(2)xSO(4). 
Indeed, the vector Ui subject to the constraints 1)2. 4|) and modulo U(l) ~ S0(2) phase 
transformations contains exactly the eight real coordinates of the manifold. With its help 
we can project the operator onto the highest-weight state of the representation [0, A;,0]: 

O^''^ = Ui,---Ui,Ti{cl)''---^'''). (2.5) 

Here the Dynkin label k is identified with the U(l) charge of the projection 1)2. 5|) (assuming 
that the vector Ui carries U(l) charge +1). Further, using two copies of the harmonic 
variables, one for each point, we can project the propagator 1)2. 3|) : 

, . ^ ,/ uiui (12) (21) , , 

12 '''12 -^21 

Now we can start constructing four-point functions by connecting pairs of points by the 
propagators ()2.6() . The simplest case corresponds to A; = 1, i.e., to only one propagator 
leaving or entering each point. In this way we find the three basic propagator structures 
depicted in Figure 1: 




Figure 1: Basic contractions 
The corresponding expressions involving four sets of space-time and harmonic variables 

are: 

(12)(34) (14)(23) ^_ (13)(24) 

/i — 2 2 ' ~ 2 2 ' ^ ~ 2 2 • l^- V 

X]^2'''34 -^14-^23 "''13''^24 



Symbolically, the propagator basis for a four-point amplitude with arbitrary k can be 
obtained by the following "binomial expansion" 

(A + B + C)'' ^^A'^B'^C^ . (2.8) 

Here the sum goes over the integers (m, n, /) such that m > n > Z > and m + n + I = k. 
For a given set {m,n,l) ^ the permutations of A,B,C correspond to all possible graphs in 
the equivalence class obtained by crossing symmetry. It is then clear that the number of 
such permutations is equal to six if m 7^ n 7^ /, or to three if any two of the labels coincide 
but are different from the third, and to one \im = n = I. For example, in the case k = 2 we 
obtain six graphs combined into two crossing-equivalence classes (2,0,0) and (1,1,0) and 
depicted in Figure 2. 




(2,0,0) 




(1,1,0) 



Figure 2: The case k = 2 
The expressions of, e.g., the first graphs in each line in Figure 2 read: 

. . _ U^M£^ _ 1 1 2. 0. 4- 4' ^2 "j2 "j4 

— 4 4 — J^Jl J^J1^J2'^J2'-'«3"^J3^«4^J4 4 4 ) 

-^12-^34 -^12-^34 

_ (12)(23)(34)(41) _ .223344 ^^^^^^l^S^ (2^) 

~ ^2 „2 ^2 ™2 - J^n^iiA2^i2'3i3'3j3^«4^i4 2 „2 „2 „2 ' "^^-^^ 
•'^12 ''^23 ''^34 -^41 -^12 -^23 -^34 -^41 

where is a shorthand for the harmonic at point n. Note that the traceless symmetri- 
sation denoted by {} is automatic, given the fact that the harmonic variables commute and 
satisfy the defining conditions (|2.4|) . Since the harmonics at each point are independent 
variables, we can remove them and thus obtain the explicit tensor structure made out of 
Kronecker deltas. 

Each of the six propagator structures in Figure 2 can be multiplied by an arbitrary 
function of the conformal invariant cross-ratios 

^2 ^2 ^2 ™2 

_ -^12 -^34 ^ _ -^14 -^23 

O 9 9' ^ 9 9 * 

'''13 -^24 •'^13 "''24 

In this way we obtain the most general four-point amplitude for operators O^'^^ with the 
required S0(6) and conformal transformation properties: 



(a;i)0(2) (X2)0(') {x-i)0^^^ (X4)) 
^The labels (m, n, should not be confused with the Dynkin labels [m, n, I]. 
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, ,(12)2(34)2 ^ ,(13)2(24)2 ^ ,(14)2(23)2 

12 34 13 24 14 23 

^, (13)(14)(23)(24) , ^ ^ ^, (12)(14)(23)(34) , ^ ^ ^, (12)(13)(24)(34) 

+ Ol(s,i) 2 2 2 2 ^02(s,t) n 2 2 2 ^^3(5,^) o 2 2 2~ (2.10) 

X^4 X23 -^12 ■''14 -^23 ■''34 '''12 '''13 '''24 "''34 

We still need to impose the full crossing symmetry of this correlator. This is very easy to 
do, since the crossing properties of the structures in Figure 2 are obvious. Thus, the three 
coefficients Oj in ()2.1U|) correspond to the crossing class (2, 0, 0) and transform into each 
other: 

ai(s, t) = a3{t, s) = ai{s/t, 1/t) 

02(5, t) = a2{t, s) = asis/t, l/t) ; (2.11) 
the same applies to the coefficients 6j from the class (1, 1,0): 

bi{s,t) = &3(t,s) = bi{s/t,l/t) 

b2is,t) = b2{t,s) = b3{s/t,l/t). (2.12) 

Thus, the crossing invariant correlator for 0^2) general determined by two independent 
functions, one of the a^'s and one of the 6j's. 

Having explained the case /c = 2 in detail, we can immediately generalize to the main 
case of interest in this paper, k = 3 (or to any higher value of A:). The decomposition of the 
tensor product (|2.2|) reads 

[0, 3, 0]5o X [0, 3, 0]5o = [0, 0, 0]i + [0, 2, 0]2o + [0, 4, 0]io5 

+ [0, 6, 0]336 + [2, 0, 2]84 + [2, 2, 2]729 ( 2.13) 

+ [1, 0, l]i5 + [1, 2, l]i75 + [3, 0, 3]300 + [1, 4, 1]735 ■ 

The subscripts indicate the dimension of the corresponding irrep. The irreps in the first two 
lines of eq. (|2.13() are symmetric and those in the third line are antisymmetric in the indices 
/i,/2. Thus, the corresponding OPE will have ten different S0(6) channels. Note that 
among them only three may contain unprotected operators: [0, 0, 0], [0, 2, 0] and [1, 0, 1]. 

In the propagator basis the ten structures are organised in three crossing-equivalence 
classes, (3,0,0), (2,1,0) and (1,1,1), depicted in Figure 3. The most general S0(6) and 
conformally covariant four-point function for the operators O^^^ is of the form 

(^,)0(3) (x2)0^^^ (X3)0(') (X4)) 

, ,(12)3(34)3 ^ ,(13)3(24)3 ^ ,(14)3(23)3 

'''12 ■''34 ■''13 ■''24 '''14 ■''23 

^, (12)2(34)2(13)(24) , ^ , ^, (12)2(34)2(14)(23) 

+ bl[s,t) 4 4 2 2 ^02{s,t) 4 4 2 2 

/ya^ /ya^ /ya — ^ /ya ^ /ya^ ry>^ ,y^^ rt**-' 

X^2 ^^34 ■'''13 ■'''24 ■'''12 ■'''34 ■''14 ■''23 

(14)2(23)2(13)(24) (14)2(23)2(12)(34) 

+ Ol,{S,t) 4 4 2 2 ^ tli{S,t) J ^ 2 2 

/yaT /yaT /ya ^ /ya ^ /ya^ ry>^ ry* /y*^ 

X^4X23X^3X24 ■'''14 ■'''23 ■'''12 ■''34 

^, (13)2(24)2(12)(34) , ^ ^ ^, (13)2(24)2(14)(23) 

+ 05(5, t) — 4 — 4 — 2 — 2 ^Ms, t) — 4 — 4 — 2 — 2 — 

/ya^ /ya^ /ya— ' /ya — J /ya^ ry>^ ry> ^ ^ 

X^3 X24 X^2 ■''■34 ^^13 ■''24 ■'''14 ■''23 

/ya^ ^ya^ jya.^ /ya^ 

■''12 ■''13 '''14 "''23 ■^24:^34: 
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(3,0,0) 





(2,1,0) 






(1,1,1) 



Figure 3: The case A; = 3 



Crossing symmetry imposes relations among the functions aj(s,t), bi{s,t). For the coeffi- 
cients aj they are the same as in 1)2. llj) . for the coefficients 6j they are: 

b2{s, t) = bi{s/t, 1/t), 63(5, t) = bi{t, s), bi{s, t) = bi{t/s, 1/s) 

65(5, t) = 6i(l/s, t/s), be{s, t) = bi{l/t, s/t) ■ (2.15) 



finahy, the coefficient c{s, t) must obey the symmetry conditions 

c{s,t) = c{t,s) = c{s/t,l/t) . 



(2.16) 



Thus, after taking crossing symmetry into account we have three independent coefficient 
functions, for instance, ai(s,t), bi{s,t) and c{s,t), one for each equivalence class in Figure 
3. They can be split into a free field theory contribution and a quantum correction part. In 
free field theory the coefficient functions for the canonically normalised operators are given 
by (bi and c have been calculated in the large N limit) 



1 



iV2 ■ 



(2.17) 



As will be shown in the next section, the dynamics of the = 4 SYM theory encoded in 
the insertion formula implies further non-trivial algebraic relations among the "quantum 
parts" of these coefficient functions leaving a single function of the conformal cross-ratios, 
e.g. 02(5, t), as the only undetermined functional freedom. 
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The method developed in this section and exphcitly apphed to A; = 2, 3 can easily be 
generalised to any value of k."^ As explained earlier, the number of crossing-equivalence 
classes and thus of independent functions in the amplitude corresponds to the possible 
splittings (m, n,/) of k. We mention that for k = 4 there are four such splittings: (4,0,0), 
(3, 1,0), (2,2,0) and (2, 1, 1) with multiplicities 3, 6, 3 and 3, respectively. 

Concluding this section we point out that the discussion of AdS supergravity in Section 
@]requires a different set of harmonic variables, this time on the coset space SO(6)/SO(5) ~ 
S^. In contrast to the four-dimensional complex manifold SO(6)/SO(2) xS0(4) considered 
in this section, is a real five-dimensional manifold. Thus, we are forced to describe 
the same representations of SO (6) ~ SU(4) in terms of the complex harmonics Ui in the 
context of CFT and in terms of the real ones on in the context of AdS supergravity. 
The transition from one description to the other is not direct, we need to exhibit the index 
structure of the representations. To this end we can use the tensor defined in 1)2.1(1 . 
Take, for instance, the case k = 2 and consider the four-point block AA ()2.9|) . Removing 
the harmonics and then converting the pairs of vector indices ij into indices / of the irrep 
20, we obtain 

^ cj,. c^c&c^ - - ^ . (2.18) 

•^12-^34 •^12-^34 

In what follows we will systematically use a compact notation for the tensor structures 
where the indices Ii, I2, 13, h will be replaced by 1234. In (|2.18|1 the tensor is just the 
identity 5^^ 6^"^. For the block AB we find 

. r r r 5^' 5i^h^'\5^'\ T^23A 

^AByri.hU = Cf^.^Cj^-^C^Cf^.^ \' \' f ^ 2 1 2 2 • (2-19) 

^ ' ''iji ''ZjZ ''OjO ''4j4 ry^ /yiZ rp^ ry"^ rp^ rp^ rp^ ^ ' 



/yj^ rp^ rp^ rp^ rp^ rp^ rp^ 

"''12 "^-23 "''34 -^41 "''12 -^23 -^34 -^41 



For A: = 3 we need three types of tensors: 



rl2 s:34 ^/i /^l2 rih rili 

/^1234 /^Ii /~il2 /^li c^Ii 

q1234 i^ii /^i2 r^i'i /^^4 /o on^ 

and their permutations. The tensor S^'^^'^ is totally symmetric, while C^"^^^ obeys the 
following symmetry relations 

^1234 _ ^2143 _ ^3412 _ ^4321 

In this notation ea. H2.14() becomes 

{0\xi)0\x2)0\x^)0\x^)) 

^12^34 jl3^24 jl4^23 

= ai{s,t)-. — p- + a2(s,t)-7j — TT- + a3{s,t) 



Xi2 a^34 X24 x\^ X23 

(J1234: (jl2i3 (^3214 
^l{s,t)—A 4 2 2- +^2(s,t)^^ 4 2 o- +^3(S,*)- 



4 4 2 2' ' /4422 

/yaT rp^ rp^ rp^ rp^ rp^ rp^ rp^ rp^ rp^ rp^ rp 

X\2 -^34 "''13 "''24 "''12 '''34 "'^14 -^23 -^23 "''14 -^13 "''24 



different counting method as well as a general formula for the number of independent functions has 
been given in 
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+ h{s,t)— 2 2 2~ +Ms,t)— 4 2 2~ 

/yaT /y*^ ry*^ /y*^ /y»^ /y*^ ^y*^ ry*^ 

X23 X34 X^2 "^-24 -^13 -^^12 -^34 



(^4213 

+ ^6(s, 4 2 2~ 

X24 X]^3 X]^4 X23 



+ c(s,t)- 



^1234 



/y*^ ,y»^ ry>^ ^y>^ ry*^ /y**^ 

X]_2 X]_3 X]_4 X23 X24 X34 



(2.21) 



3 The insertion formula and partial non-renormalisation 

Further, dynamical information about the four-point correlators can be obtained by using 
a well-known quantum field theory procedure, the insertion of the action as an extra fifth 
point. ^ Let us consider the correlator 

(p(k\) Q(k2) Q{k3) Q(k4)\^ (3.1) 

of four, a priori different, i-BPS operators O^^'^ in the S0(6) irreps [0, A;j,0]. A particular 
case is obtained by setting k = 2, and this is the so-called stress-tensor multiplet. Its 
9 expansion contains the on-shell = 4 SYM Lagrangian at the level (9)^. Now, the 
derivative of the correlator (|3.H) with respect to the YM coupling can be represented in 
the form 

_^/0(fci)0(fc2)0(fc3)0(fc4)s [ d^xod^^o (O(2)(o)o('=i)o('=2)o(fc3)0(fc4)s (3 2) 

og^ J 

The integration over the insertion point with a specially chosen superspace measure cor- 
responds to a "superaction" in the terminology of Ref. JU]. In principle, the smallest 
invariant subspace of = 4 superspace, suitable for describing ^-BPS multiplets, involves 
8 = 16/2 9's, while the integration in (|3.2|) goes over only four 0's. The point however is 
that the operator C'(^) is not just ^-BPS short but it is even "ultrashort" in the terminology 
of |llj . This means that its 9 expansion effectively terminates at four ^'s, all the higher- 
order terms being total space-time derivatives of the lower terms. This explains why the 
integration in 1)3. 2() is supersymmetric. Note also that the measure d^^o in (|3.2() involves 
only chiral 0's (left-handed, or right-handed in the conjugate form). 

Using the = 4 version jT2] of harmonic superspace , one can show El El E] 
that the five-point correlator {O'^'^\0)O^^'^^O'''^^^O^^'^^O'^''^^) gives rise to a nilpotent super- 
conformal covariant. Nilpotent covariants for ^-BPS operators do not exist if the number 
of points n < 4. Indeed, the ^-BPS condition tells us that at each point such a covariant 
should depend on (a particularly chosen, or harmonic-projected) half of the 9's. Since this 
object must be covariant under two full supersymmetries (Poincare and special conformal), 
for n < 4: there exist no invariant combinations of the ^'s and hence no way to form nilpo- 
tent covariants. However, starting with n = 5 this becomes possible. On the other hand, 
since the 9 measure in ()3.2|) is chiral, the 9 expansion of the five-point correlator must start 
with four left-handed 9's. So, it must be precisely of the nilpotent type. 

Although it is in principle known how to construct such nilpotent covariants Jl], the 
explicit expression in = 4 harmonic superspace is rather complicated and is currently 
not available. Instead, it is much easier to carry out the insertion procedure in A/" = 2 
harmonic superspace. The idea is to project the AA = 4 composite operators O^'^*) on 
M = 2. In particular, one finds M = 2 projections which involve only hypermultiplets. All 

■^In the context of A/" = 4 SYM theory this procedure was first considered in 1^. 
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the coefficient functions of the initial AA = 4 correlator can be read off from a few such 
hypermultiplet projections. The advantage of this M = 2 approach is that the explicit 
form of the corresponding five-point nilpotent covariants is much simpler. A further, and 
even more important feature of the N = 2 formalism, is the possibility to formulate both 
ingredients of the N = A theory {N = 2 SYM and hypermultiplets) off shell and to develop 
a straightforward quantisation scheme LLZj . Thus, formal manipulations like the insertion 
of the action ()3.2|) become well justified. 

The simplest case ki = 2, i.e., the four-point correlator of stress-tensor multiplets, has 
been treated in detail in Refs. jl5l 1181 IT^ in the M = 2 framework (see also Appendix [SI 
for a short summary). The important result is that this correlator is determined by a single 
function of the conformal cross-ratios, and not by two functions, as predicted by the general 
analysis in Sectional Conversely, this N = 2 result can be translated back in terms of the 

= 4 insertion procedure. In order to be consistent with the N = 2 analysis, the relevant 
term in the corresponding five-point nilpotent covariant in (|3.2)) must have the following 
general form (after setting = . . . = ^4 = 0): 



(0(2)(o)o(2)o{2)o(2)o{2)) =^2222 i^e^Y F{x^,...,Xi) (3.3) 



with 



2222 _ (12)^ (34)^ ^ (13)2(24)2 (14)2(23)2 (13)(14)(23)(24) 

44 ~^ d A ' 44 "I" 2222 V / 

Xj^2'*'34 -^13-^24 "''14 -^23 -^13 "''U '''23 "''24 

(12)(14)(23)(34) ^ _ , (12)(13)(24)(34) . , _ ^ _ . . 

rv*^ rf^ rv*^ rf^ rf^ rf^ ry-^ 

X]_2 -^14 -^23 "''34 ''^12 ''^13 ''^24 "'■34 



1 



13 -^24 



(12)2(34)2 (13)(14)(23)(24) 22 22 2 2 x 

2 2 ' 2 2 2 2 (-^12 -^34 -^14 -^23 2;]^3 X24) + cycle 

fy^ ry^ ry^ ry^ ry^ ry" ^ ^ 

X]_2-i34 ''^13 "'^U "''23 "'-24 



.(3.4) 



Note that the second form of the prefactor ij2222 -g manifestly cyclic (i.e., crossing) sym- 
metric, apart from the factor I/X23X24. This results in the following properties of i?2222 
under point permutations: 

1^2: ii2222 ^ 1 ^2222 
t 

1^3: ^ . (3.5) 

It is important to realize that the prefactor _r2222 ^^Qgg j^q^ depend on the coordinates, 
in particular, on the harmonics at the insertion point, so it is an S0(6) singlet at this point. 
At the same time, i?2222 j^g^g a^^ggrbed the entire harmonic dependence (i.e., the SO (6) 
irreps) at points 1 to 4, while the harmonic dependence at point is contained in the chiral 
Grassmann factor (^o)^- Consequently, the only part of the amplitude 1)3. 3|) which is not 
fixed by superconformal invariance, the function F(j;o, . . . , X4), is not allowed to depend 
on any of the harmonics (in an analytic, i.e., polynomial fashion). Thus, this coefficient 
function is an S0(6) singlet. 

Substituting (|3.3() in ()3.2() and integrating over (the Grassmann superaction measure 
in H3.2|l exactly matches the nilpotent factor (^0)^ ii^ 1)3. 3|) ) and over at the insertion 
point, we obtain the allowed form of the quantum part of the four-point correlator: 

^^0(fei)0(fc2)0{fc3)0(fe4)^ = ^2222 j:^^^ ^) _ ^3 
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Here the four-point conformal invariant 

J^is,t) = j d^xoF(xo,...,X4) (3.7) 

satisfies the crossing symmetry conditions 

r{s, t) = J^{t, s) = l/t T{s/t, l/t) , (3.8) 

as it easily follows from (|3.5)) . 

The prediction of conformal supersymmetry (kinematics) combined with the insertion 
formula (dynamics) consists in fixing the relative coefficients of all six terms in (|3.4|) . leaving 
undetermined the single conformal invariant J^(s,t). This should be compared to the two 
arbitrary functions allowed by the general arguments in Section El for k = 2, see (|2.10j) . 
(|2.11|) and (|2.12j) . The single function J^(s,t) encodes the dynamical information about 
the quantum part of the correlator. This phenomenon was revealed in Ref. jl9j and was 
called "partial non-renormalisation" . The predicted form has been confirmed by a number 
of explicit calculations: perturbative at order g"^ [^-E^ and [22], EH!, instanton fl^ and 
AdS supergravity pH].pil]. 

The generalisation of the AT = 4 — > = 2 projection procedure to arbitrary ki > 2 
becomes cumbersome, due to the increasing number of terms in the tensor product [0, ki,0]x 
[0, kj , 0] and to the large amount of linear algebra needed to reconstruct the AA = 4 amplitude 
from its AA = 2 projections.^ Here we choose an indirect way which efficiently exploits the 
knowledge from the simplest case ki = 2. We assume that the five-point nilpotent covariant 
in (|3.2|) can always be factorised into a "kernel" with ki = 2 and an extra factor carrying 
the rest of the S0(6) quantum numbers k[ = ki — 2 aX, each point: 

(O(2)(O)o('^i)O('=2)O(fc3)0(fc4)^ ^^2222 (00)4^^1^2^3^4(2:0,..., 2:4; ni,...,U4) • (3.9) 

The main difference from 1)3. 3|) is that now the factor pKk'2^3k'i depends on the harmonic 
variables ui, . . . ,M4, i.e., it is not an S0(6) singlet at points 1 to 4. The Grassmann factor 
(^o)^ still carries the full harmonic dependence at the insertion point. Thus, the functional 
freedom in (|3.9j) and, after integration over the insertion point, in the quantum correction 
1)3.2(1 is determined by the SO (6) structure of the factor F^^ 



Take for example arbitrary ki, k2 and k^, but keep k4 = 2. The factor o g^j^ 

contains a unique harmonic structure: 



|(fci+fc2-fc3-2) //iqNX |(fci+fe3-fe2-2) //r,q^\ |(A:2+fc3-fci-2) 



^12 / V 3^13 



2 \ ^2 \ ^2 



J \ ^23 / 



f{xo, . . . ,X4) 



(3.10) 

where / is an arbitrary S0(6) singlet function. After integration over ^0,3^0 we again find 
that the amplitude is determined by one function, (j){s,t) = J d^xo /(xq, . . . ,^4), just like 
in (IT7|) . 

Next we move to the main case of interest in this paper, ki = 3 — > /c^ = 1. According 
to Sectional the factor F^^^^ contains three terms: 

^nii (12)(34) , , (14)(23) ^, , (13)(24) , ^ /o1.^ 

F^i" = a(xo, . . . , rc4) + 2 2 f^i^o, • • • , X4) + ^ 2 ^(^0, • • • , X4) . (3.11) 

-^12 -^34 _-'^14-^23 ■^13-^24 



4 



For sufficiently low values of k this is still doable, as we show in Appendix^for fc = 3. 
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After integration over the insertion point xq the coefficients in give rise to four-point 

conformal invariants, a{s,t), 7(5, i). Inserting all this back into H3.9() and then into 

H3.2I) and using the explicit form l\3A\i of i?^^^^, we obtain the following factorised form of 
the quantum part of the four-point correlator: 

_^ (0(3) 0(3) 0(3) 0(3) V ^ ^2222^1111 

(12)^ (34)^ „ (13)^24)^ (14)^(23)^ (13)(14)(23)(24) 

A A S -\- A A ~r Ad '2221^ ) 

•^12 -^34 '''13 -^^24 -^14 -^^23 "^-13 -^14 "'^23 -^24 



(12)(14)(23)(34) _ ^ _ ^ (12)(13)(24)(34) 

2222 l^iAIJ-r 2222 V'' 
-^12 -^14 "^-23 "''34 "''12 •''13 "''24 •''34 

(12)(34) (14)(23) (13)(24) 

99 O. -\- 99 P"!" 99 / 
"''12'''34 "''14"''23 •^13"''24 



(3.12) 



Doing the multiplication and bringing the result to the standard form (|2.14() . we may express 
the ten coefficients a, 6, c in terms of only three functions: 

a\ = sa(s, t) , ^2 = 7('S, , «3 = t/3('S, ; (3.13) 

61 = S7 + (t — s — l)a , 

62 = -s/? + (1 — s — €)a , 
h = {s-t-l)l3 + t-i, 
b^ = ta + {l-s-t)P, 
b5 = a + {t - s - l)j , 

be = P+{s-t-l)j; (3.14) 

c = {s - t - l)a + {t - s - 1)P + {1 - s - t)j . (3.15) 

We still have to impose the crossing symmetry condition on the correlator 1)3. 9(1 with 
respect to points 1, ... ,4. Taking into account the property (|3.5|) of the prefactor i?^^^^, it 
is easy to derive that the coefficients a(s,t), /3(s,t), 7(5, t) are not independent: 

a{s,t) = l/s-f{t/s,l/s), (3{s,t) = l/t-f{s/t,l/t), 7(s,t) = 7(t,s). (3.16) 

Thus, all the ten coefficients in the quantum part of the amplitude ()2.14|) are expressed in 
terms of a single function, for instance, a(s, t) obeying the symmetry relation a{s/t, 1/t) = 
ta{s, t). This is the content of the partial non-renormalisation theorem for the correlator of 
four ^-BPS operators of weight 3. 

Clearly, the same analysis can be carried out for correlators with arbitrary weights ki. 
The effect of the insertion procedure is to reduce the weight at each point by two units, 
k'i k[ = ki — 2. The resulting four-point object p>'i>^2h^4 depends on as many functions 
as predicted by its SO (6) structure (and eventually by crossing symmetry). For example, 
if fej = 4 initially the correlator can depend on four functions (see the end of Section ^ . 
However, in this case k[ = 2 and we know from Section El that the fully crossing symmetric 
factor i^'2222 Qj^^y involves two functions. The conclusion is that the quantum part of the 
weight four correlator can only involve two independent functions. 
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Concluding this section, we mention that a somewhat different approach presented in 
the recent paper leads to the same number of independent functions in an amplitude of 
weights ki = . . . = = k. Instead of applying directly the insertion procedure to the four- 
point correlators, the authors rely on their earlier result on the non-renormalisation of 
three-point functions of all kinds of protected (BPS or semishort) operators. Combining this 
with double-OPE arguments of the type developed in Ref. [201, they are able to predict 
the same general form of the amplitude. It should however be stressed that the non- 
renormalisation theorem of Ref. jZj is also based on the insertion procedure, but this time 
at the level of three-point rather than four-point functions. Another important remark 
is that this non-renormalisation theorem cannot be directly tested in supergravity simply 
because the supergravity spectrum has only fields dual to ^-BPS short operators. 

4 Supergravity-induced four-point amplitude 

In this section we provide a novel example of a conformal four-point amplitude induced by 
type IIB supergravity on an AdS^ x background. So far the knowledge of the strongly- 
coupled four-point functions |27[ I25j has been limited to those of the stress-tensor multiplet 
dual to the field content of gauged M = 8 supergravity. We thus provide for the first 
time a four-point amplitude for operators corresponding to higher KK states and verify its 
compatibility with the field-theoretic predictions. 

The computation of the supergravity-induced correlation functions proceeds in the stan- 
dard way. One first evaluates the on-shell gravity action S with Dirichlet boundary con- 
ditions on the fields; then, varying the generating functional Z = e~^ with respect to the 
boundary data one obtains correlation functions of the boundary CFT. In particular, the 
derivation of the four-point amplitude requires the knowledge of the effective supergravity 
action on AdS^ up to fourth order in the fields. The quadratic and cubic supergravity 
terms needed to compute the four-point function of arbitrary ^-BPS operators were found 
in j28j-|31 j . Their contribution to the extrema of the supergravity action is interpreted as 
the AdS exchange graphs. The most difficult part of this program is however to obtain 
the quartic effective action corresponding to contact interactions. This formidable problem 
was solved in |32j . where it was found in particular that the quartic Lagrangian contains 
derivative interactions (up to four derivatives). 

The |-BPS operator in the irrep [0, 3, 0] (or 50) is dual to the gravity scalar s^ with 
AdS mass = —3. The relevant part of the effective five-dimensional action from 32 is 
given by 

S=^ j d'>Z^a{C2 + C^ + U) , (4.1) 

i.e. it is a sum of quadratic, cubic and quartic terms. Here Qa is the determinant of the 
Euclidean AdS metric ds^ = \{dzQ + dxadxa), a = 1, 2, 3, 4. 

To distinguish supergravity scalars and vectors belonging to different S0(6) representa- 
tions we introduce the subscript k, i.e. (irrep [0,A:,0]), ^ (irrep [l,k — 1,1], k odd). 
It is related to the conformal dimension of the corresponding CFT operator as A = A: for 
scalars and /S. = k + 2 for vectors. Then the Lagrangian involves the scalar fields S2, S3 and 
s\, as well as two vectors ^^^1, ^/t,3i the graviton and a massive symmetric tensor c^^^, 
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transforming in the irrep [0,2,0] of S0(6). Its quadratic part is normahsed as fohows^ 



A = ^ (v^^v^^ - 4^4) + i (v^4v'^4 - 344) + ^v^4v^4 



+ (4.2) 

(summation over the repeated superscript indices is imphed). 

To write down the cubic Lagrangian we introduce the so-called C-tensors. They are 
the Clebsh-Gordon coefficients for tensor products of different SO (6) irreps and describe 
the cubic interactions of various supergravity fields. For all necessary definitions and the 
properties of the C-tensors we refer the reader to Appendix ^ where in particular the 
summation formulae which we term as "C-algebra" are established. Explicitly, the cubic 
Lagrangian is 

- i(v'^4v'^4 - \ (v^4v^4 - 2,slst)£ 

- ^(c^c^q^ 2,0]) (v^'4v^4 - \ (v^4v,4 - 944) 

- ^(CiC2c3^o,i])4V^44,i - ^iC'C'Cl,^^)slWslAl, . (4.3) 

Prom this Lagrangian we deduce that the interactions of the scalar field S3 are mediated 
by two neighboring multiplets: one of them is the massless graviton multiplet (s2, 1, 4>i_iu) 
which includes the = —4 scalar, the massless vector and the graviton and the massive 
multiplet (54, 3, (/5^j,) whose lowest component is the massless scalar 54. 

Since the leading (i.e. most singular) and the subleading terms in the OPE are deter- 
mined by the three-point functions derived from the cubic Lagrangian, the cubic couplings 
1)4. 3|) are responsible for these contributions to the supergravity-induced OPE. Thus, in the 
leading and the subleading terms in the OPE we expect the following irreps to appear: lead- 
ing [0,0,0], [1,0, 1] and [0,2,0] corresponding to the stress tensor, the conserved current and 
a ^-BPS operator with conformal dimension A = 2; subleading [0,4,0], [1,2, 1] and [0,2,0] 
corresponding to a ^-BPS operator with A = 4, and higher vector and tensor currents, 
respectively. In principle, one could also expect the appearance of a cubic interaction with 
a ^-BPS multiplet whose lowest component is a scalar of A = 6. However, the correspond- 
ing coupling is then extremal and therefore it must vanish [331 134j . The representations 
which do not appear among the cubic couplings correspond, in free-theory terms, to the 
contribution of the double-trace operators. 

^To simplify the action we have performed suitable rescalings of the fields. 
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Figure 4: Exchange graphs contributing to the four-point function of operators . 
The first graph represents the exchange of fields from the massless graviton multiplet: 
the scalar S2 in the 20, the vector in the 15 and the graviton cf)^^. The other 
graph involves a massive multiplet whose lowest scalar component S4 is in the 105. 
These graphs are responsible for the leading and the subleading terms in the OPE. 



One of the most involved parts of our computation is to extract the relevant contact 
interactions from the general quartic action of Ref. |S2]- This action contains the quartic 
terms with two and four derivatives as well as terms without derivatives and for generic 
fields looks pretty complicated (see Appendix A of Ref. |S2])- However, by heavy usage 
of the C-algebra, the symmetry properties of the derivative vertices and integration by parts 
(see Appendix lUl for details) we reduced it to the remarkably simple expression 

\2 32 16 / 32 

It is worthwhile noting that the quartic terms with four derivatives completely disappear, i.e. 
the final action is of the sigma model type. This suggests the interesting possibility that the 
quartic four-derivative Lagrangian of Ref. is intrinsically zero, although this is not seen 
for generic fields, i.e. without specifying the explicit representation content. If true, this 
might imply that the extension of the the five-dimensional gauged M = 8 supergravity by 
including the massive KK modes of the type IIB supergravity compactification is described 
by some sigma model. 

Having established the relevant supergravity Lagrangian we can now proceed to the 
evaluation of the AdS exchange graphs. In comparison to other calculations existing in 
the literature [271 1251 155] . a novelty is the appearance of a massive symmetric tensor. The 
corresponding exchange graph can be computed by generalizing the method of Ref. jSH] 
(see Appendix El- Omitting the details of the tedious calculations, here we present the 
final result for the supergravity-induced four-point function of the canonically normalised 
^-BPS operators of dimension 3: 

^12i34 



^12 ^34 



72 

+ 



01234 ^5 I xl2x34 /i<5 , ,-y1234 , ^1243 

'-' ^1234 ^ " " ^1234 "T ^1234 "r ^ ^1243 



+ t + u. (4.5) 
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Here we explicitly exhibit only the expression in the s-channel as the t-channel is obtained 
by replacing 1 4, and the n-channel by 1 <-> 3. The terms without l/N"^ in front represent 
the contribution of the disconnected AdS graphs. The coefficients ^1234 are expressed in 
terms of the D-functions (see Appendix ID]) as follows 

aS I -^3322 2 

^1234 = 8 —2 ^i^3333 

V -^34 

a5 _3,2 2,2 2 2 2 ^ f -^4433 -^4422 ^ 1 ^3311 ,5 

^1234 — T12;i3X24 + 3:14X23 — Xi2X^^) I ^ I 4 I 9 4 <~ 0-^^3333 
^ V 3:34 X34 y Z X34 O 



4C _3.2 2,2 2 2 2 -P4433 ^3311 -^3322 r, ^3232 o 2 n 

^1234 — T 1^13^24 + ^14^23 ~ ^12^34; 2 ' 4 2 2 •J3;i4i^4334 

^ ^34 ^34 ^34 ^24 



-2-(-C^32433;34 ~ -^^33423:23) ~ 2" (-^34233^24 ~ -D3432X2 
X24 ^3:34 

(-D3412X24 - -034212:^13) ■ (4-6) 



^23 y 



ZX34 

5 Verifying the CFT predictions 

As argued in Section |21 the insertion formula, being a dynamical constraint on the the- 
ory, predicts that the general four-point amplitude (|2.14j) depends on one undetermined 
coefficient function 02(5, t), while the nine others are expressed in terms of it. Here we 
compare the supergravity-induced four-point amplitude obtained in the previous section to 
this field-theoretic prediction and indeed find an almost miraculous agreement. 

Initially we express all L>-functions entering (|4.6|) in terms of corresponding functions D 
of the invariants s,t (for a detailed definition see Appendix^ so that the functions c(s,t), 
ai{s,t) (the 1/A^^-part) and bi{s,t) can be represented as follows 



24-9 

c{s,t) = -j^st 



3 

2-O3333 + -D2332 + -D3232 + -D3322 



ai{s, t) = ^ [(1 + i - S) (1^4433 + -D4422) + 5i?3333 " D 



bi{s,t) 



2 



3311 

1 — S + t)-D4433 — 41)4334 + t-D3432 — -D3423 

' .(5.1) 



2iV2 

+ 4iD3342 — 4D3243 + 2tZ)342l — 2D3412 + 8-D3232 — 41)3322 + 2D3311 



Our strategy is then similar to that in Refs. |191l35j . For integer Aj and Y2i even we may 
express D/^-^^^^^/\^{s,t) in terms of s- and t-derivatives of the standard four-dimensional 
one-loop box integral $(s,t) = Diiii(s,t). This representation is convenient since the 
derivatives ds^{s, t) and dt^{s, t) are expressed in a simple manner in terms of the function 
$(s,i) itself (see Appendix^. Using the notation DA1A2A3A4 to denote the appropriate 
differential operator we have 

-DAiA2A3A4(s,*) = DAiA2A3A4^('S,i) • (5.2) 

Substituting the explicit expressions for the D-operators from Appendix ^ and succes- 
sively using the identities ()D.8|) . we express all the coefficient functions via ^{s,t). Upon 
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substitution of our findings into eas. H3.14() and ()3.15() . and use of the symmetry properties 

$(s,t) = , <^>{s/t,l/t) =t<^>{s,t) , ^{t/s,l/s) 

we finally get 

9 

bi - sj - (t - s - l)a = , 
c - {s - t - l)a - {t - s - l)(3 - {I - s - t)^ 

The r.h.s. of these formulae literally coincide with the free field theory values of the coef- 
ficients bi and c in ea. ()2.17|) ! We thus observe the surprising property of the supergravity- 
induced four-point amplitude to split into a "free" and a "quantum" parts, precisely repro- 
ducing the form predicted by SCFT. Moreover, the numerical coefficients in the "free" part 
of this amplitude are exactly those given by the free Wick contractions. What makes this 
so unexpected is that contrary to the SYM theory, the supergravity action has no coupling 
constant and therefore no natural separation of the free part from the interacting part. Yet, 
we observe the same splitting in the four-point amplitudes derived from this action. Thus, 
supergravity retains memory of the Lagrangian formulation of the gauge theory even with 
an infinite value of the 't Hooft coupling. In the absence of an obvious explanation why the 
supergravity-induced amplitude has this particular form, we consider this fact as a strong 
evidence in favor of the AdS/CFT duality conjecture. At the same time, our result is a 
very non-trivial check of the effective action derived in j32j . 

Finally, we note that in fact the results for the coefficient functions given in (|5.H) can 
be drastically simplified by using various identities for the L)-functions. In Appendix ^ 
we present an independent proof of eas. H5.4|) based on the D-algebra. In the process a 
surprisingly simple expression for ai{s,t) emerges: 

ai{s, t) = -^{s^D3S35{s, t) + s:D2235(s, *)) • (5.5) 

According to our analysis in Section |21 this function can be taken as the unique function 
describing the supergravity-induced four-point amplitude of dimension 3 BPS operators. In 
the next Section we will use this representation to shed some light on the properties of the 
corresponding OPE. 

6 Operator Product Expansion 

The operator product expansion of the stress-energy tensor multiplets in AA = 4 theory and 
the AdS^ supergravity is by now a well-developed subject |SZ1-I1B'I^- Here we will exhibit 
some general properties of the OPE underlying the supergravity four-point amplitude for 
our new example of dimension 3 operators. 

6.1 OPE and anomalous dimensions of some long multiplets 

For the purposes of analyzing the operator product expansion we may expand the four-point 
function in the form 

{0\X^)0\X2)0\X3)0\X,)) = J]^^(.,t)P|234^ (61) 

^12 ^34 J 



s$(s,t) 



18 

iV2 



(5.3) 



(5.4) 
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and using the explicit formulae for the projectors Pj?^^ from Appendix B we may write 

^[0,0,0] = 50ai + 5^02 + + y [sbi + -62] + ^ [s^h + -^hj 



^[1,0,1] = ^ «2 - ^as + - (.61 - -62 j + (^^ &5 - -^b,) + - ^-^6 - ^63 

g3 25 / s \ 7 / s"^ \ 1 / s"^ s"^ \ 7 

^[0,2,0] = ^=^^2 + 73 «3 + + jh) + 4 (^'^5 + ^b,) +J^[jb, + ^b,) + - -C , 

„3 in, o2 . T . ,3 ,3 . 5 g2 

-63 ) C , 

V 9 t ' 



^[2,0,2] = s^a2 + ^as + Y (^"'^s + - ^ (y &6 + 

^[0,4,0] = S^«2 + ^«3 + g + j + - (y 66 + -^b3)+-jC, 



1 / . 



^[1,2,1] = S^0,2 - -3-03 + 5^65 - ^64 , 



^[3,0,3] = s^a2 - yas - 3 (j^>6 - ^^'3) 



^3 5^ 

^[0,6,0] = S^02 + -^03 + y66 + -^63 , 

1 /s^ 



^[2,2,2] = « «2 + ^03 - - [jbe + y 63 

^[1,4,1] = «^«2 - ^«3 + 3 (y &6 - -^bs) . (6.2) 

Using the expressions for aj,6j and c in terms of a,/?, 7 this may be simplified. For the 
purposes here it is convenient to define 

2 2 
A = ^a, B='^{tj-P), C = ^{t^ + P), (6.3) 

and also to separate the results into two parts 

Aj = A'}'' + , (6.4) 
where the first term corresponds to the result in free field theory 

.free _ .3 , 9 ( s\ 

^[0,6,0] - ^ +:^ + ]v2(,y + ^J' 

^free _ „3_^,J_/£^_£^\ 
^[1,4,1] - ^ ^3+ N2[t ^2j' 

4free _ „3,^_J_/£^,£^ 
^[2,2,2] - ^ + ^3 ^2 ^ + ^2 

4free _ „3 _ «^ _ ^ /S^ _ 
^[3,0,3] - ^ ^3 TvHt t2j ' 



/.free _ 3 «^ 2 / N 7 2/ 

.free _ ,3 _ 9 ( _ s\ 

^[1,2,1] - S ^3 t^J' 
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.free 3 1 f \ 10 2 1 1 



.free 3 3 / N 63 2 1 1\ 105 , , ^ 

4lo] - ^0 + .3 ^ + ^(^ 4) + ^.^(1 + 1 + ^) + ^.(1 + i) (6.5) 
The remaining parts contain the essential dynamics 

/tint. _ 2/1 

^[0,6,0] — L- , 

= -U'^-t)sC + ls^B, 
^&,2] = l{5{l + t)-s)sC-l{l-t)sB, 
^[3*0,3] = -l{l-t)sC + l{3{l+t)-s)sB, 

^Sao] = U^^l-tf-7s{l + t)+As^)C-^{l-t)sB + ls^A, 

^iw] = -i(l-t2)C + i(l-t)2^-(l-t).^, 

^[2*0,2] = U^{l-tf + 5s{l + t)-2s')C-^,{3{l + t)-s){l-t)B 

+ l{3{l + t)-s)sA, 
^feo] = i(35(l+t)2-14(l-t)2-27s(l + t) + 4s2)c 

- ^(35(1 + t) - 13s)(l - t)B + ^(10(1 - - 5s(l + t) + s^)^, 
^[?o,i] = - (35(1 + i) - 16s) (1 - t)C + 3^ (35(1 + t)2 - 20s(l + t) + 2s^)B 

-f|(2(l + t)-.)(l-t)^, 
^PAO] = W^^{l + tf-b{l-tf-l^s{l + t) + 2s^)C-^{2{l + t)-s){l-t)B 

+ 1(15(1 + tf - 5(1 - t)2 - 8s(l + t) + s^)A . (6.6) 

For the operator product expansion we expand A, B and C in the form 

Y^a^,s'^(^-'^G'^l,{s,t) (6.7) 



which represents them each as a sum of contributions of operators of scale dimension A and 
spin £, belonging to a (^£, spin representation. Explicit results for G^^{s,t) are known 
but here we note the important recurrence relations from j26j . 

+ ±f{A-e-2)s'G'^l-\\s,t), 



\{l + t)G^^{s,t) = G^lUs,t) + fiA + £)sG^l'''\s,t) + lsGl>is,t) 
+ ^f(A-e-2)s^G^l-^\s,t) 

+ i/(A + £)/(A -i-2) s^G^ll^is, t) , (6.8) 
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for /(A) = \)^ /{\'^ ~ !)• If we consider the contribution of a single term in the expansion of 
A, B then using this in the above generates associated contributions in Aj for all operators 
expected for a long multiplet whose lowest dimension operator have scale dimension A and 
spin £ and which belong to the [0,0,0], [1,0,1] representations respectively. In each case 
the expected representations with the appropriate A and spin £ arise, for the [0, 0, 0] and 
[1, 0, 1] cases the scale dimension varies from A to A + 8 and for scale dimension A + 4 the 
spin varies from ^ — 4 to £ + 4 as expected. For C we would find that the set of operators 
contributing to the [0, 0, 0] representation is not in accord with that expected for an operator 
based on the [0,2,0] representation. This problem is easily cured by setting 

A = A'-lC, (6.9) 

which removes the (1 + 1)^ term in the coefficient of C in ^[0,0,0] <|6.6|) which is the cause 
of this problem. This change then leads to 

4mt. _ 2^ 

^[0,6,0] — * ) 

^iw] = -l{l-t)sC + ls'B, 

Af,2,2] = l{5{l+t)-s)sC-l{l-t)sB, 

^[3A3] = -l{l-t)sC + l{^l+t)-s)sB, 

^Sko] = U'^'2{l-tf-21s{l + t) + 5s^)C-^{l-t)sB + ls^A', 
^[W] = -'^{m + t)-s){l-t)C+^^{l-tfB-{l-t)sA', 
4a2] = U^Hl-tf-s')C-^^{3{l + t)-s){l-t)B 

+ 1(3(1 + t) -s)s^', 
^feo] = 134(10^(1 + - 28(1 - tf - 46s(l + t) + 5s2)c 

- ^(35(1 +t)- 13s)(l - t)B + ^(10(1 - - 5s(l +t) + s'^)A' , 
^iw] = -j^{35{l + t)-Us){l-t)C + ^{35{l + tf-20s{l + t) + 2s^)B 

-f|(2(l + t)-s)(l-t)^', 
4ao] = ^(10(1 - t)2 - 5^1 +t) + s2)c_A(2(l+t)-,)(l-t)S 

+ 1(15(1 + tf - 5(1 - tf - 8s(l +t) + s'^)A' . (6.10) 

The operators arising from C now correspond exactly to those present in a long multiplet 
with the lowest dimension operator belonging to a [0, 2, 0] representation. It is convenient 
to write 1)6. 10() succinctly as a linear function of ^',;B,C, 

A'f-=Fj{A',B,C). (6.11) 

The detailed form for A,B,C to leading order in is 

A{s,t) = S^{D353s{s,t) +Ds522{s,t)) , 

B{s,t) = 1^ s'^{D2532{s,t) -D2523{s,t)) , 

^(^'*) = (^3(2^3533(5,*) -:D335i(s,t)) + ^) , (6.12) 
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where we used the results in appendix D to express them in a form with the maximal overall 
power of s. 

To analyse the operator product expansion for long multiplets we focus on Aj for 
J = [0, 6, 0], [1, 4, 1], [0, 4, 0]. For these J' it is convenient to define Ao,13q,Co such that 
^free = Fj{Ao,Bo,Co) to leading order in l/N"^. 

We first consider j4[o,6,o]- The free part determines Co which has the expansion 

Co{s, t) = s + ^= J2 Cr,£ s^G^t+m^^' ' (6-1^) 

T = l,2,... 

£=0,2,... 

for 

We may also obtain, by using the results of Appendix IeI 



iV2 

T=3,4,. 
£=0,2,. 



_2 (£ + r)!(£ + r + l)!T!(r + 3) 



(2^ + 2t + l)!(2r)! 
X r(r - l)(r - 2)((2^ + 3r + 4)(^ + r + 1) - ^r) . (6.15) 

For T = 1,2 there are no contributions involving Ins and the corresponding operators 
in the [0,6,0] representation belong to protected semi-short multiplets. For r = 3,4,..., 
^ = 0, 2, . . . the Ins contributions generate anomalous dimensions for long multiplets whose 
lowest dimension operator belongs to a [0, 2, 0] with scale dimensions A^/ = 2t + i + r]^/. 
Assuming there is just a single long multiplet for each r, i the leading large contribution 
to Tj^^e is given by -2cr,e/cr,eN'^ giving 

The next step is to consider ^[i^4^i] where the expansion of B gives results for anomalous 
dimensions for long multiplets with the lowest dimension operator belonging to a [1,0,1] 
representation. From (|6.5j) and (|6.1fl|) the corresponding free contribution to leading order 
at large A^, after removing the parts corresponding to the [0, 2, 0] long supermultiplets, is 
given by defining Bq analogously to Co, 

^o(s,t) = 3(s-^)+2(l-t)(l + i)= Yl (6-17) 
for 

^-'^ = ^^|2l+l\\|!(2r)f' - ^^^^ + ^^^^ + + + + r)(^ + r + 3) . 

(6.18) 



T = 0,1,. 

£=1,3,.. 
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For the expansion of the In s terms in B we use from (|D.27|) 

a[s,t) ^^^nss 2^ mini {2m + n + 7)1 ^ ' 

m,n=0 



T=3,4,. 
«=1,3,. 



We may then read off the anomalous dimensions for r = 3, 4 . . ., ^ = 1, 3, . . ., 

4 (r + 3)(r + l)r(T-2) 

From (|6.18|) 60/ < 0. However this case should not be taken in isolation as for the corre- 
sponding twist 4 operators it is necessary to analyse the contribution of semi-short multiplets 
which we undertake later. 

The final step is a similar analysis of ^[0,4,0] where the expansion of A' yields anomalous 
dimensions for long multiplets with the lowest dimension operator belonging to the [0, 0, 0] 
representation. After removing the free contributions of the [0,2,0] and [1,0,1] long mul- 
tiplets then, from (|6.5() and H6.10() . the corresponding free contribution to leading order at 
large is given by 

Ms,t) = l{l + t + ls)(l + ^) + ^{l-t)[l-^)= a.,.s-G£V,+4(^>*)> (6-21) 



T=0,1,... 

e^o,2,.. 



where 

„,_3 (^ + r)!(£ + r + l)!(T!)2 



3(2^ + 2t + 1)!(2t)! 

X (t - 2)(r + 3)(^ + 1)(£ + 2t + 2)(£ + r - 1)(^ + r + 4) . (6.22) 

In a similar fashion as before we may find that for we have 

^^{s,t)^-^\us ar,iS^Gi2+e+A^,t), (6.23) 



for 



Ar2 

T=3,4,... 
^=0,2,... 



2,_2(^ + r)!(£ + r + l)!r! (r + 3)! 



3(2^ + 2t + 1)!(2t)! 
X t{t - l)(r -2){{i + T- + t + 4) + 5{t- 2)(r + 3)) . (6.24) 

Taking these results into consideration then the anomalous dimensions for r = 3,4..., 
£ = 0, 2, . . ., if there was a single long multiplet for each r, would be given by, 

„ ^- 4 (r + 2)(r + l)r(r-l) / 5(r-2)(r + 3) X 

iV2 (£+l)(£ + 2r + 2) {£ + T-l)i£ + T + 4)) - ^ ^ ^ 
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Prom a similar analysis of the operator product expansion in (261 for the four point function 
of [0, 2, 0] ^-BPS operators a result for 77^-^^ was obtained without the final term in parenthe- 
ses. Por r = 2 the result in I26j appears to be valid, and agrees with a similar calculation 
in [10], but for r > 3 the difference has to be a reflection of more than one long multiplet 
for each r, £ being present so that it is then necessary to consider operator mixing effects. 



6.2 Semi-short multiplets 



Besides the contributions of long multiplets which may have arbitrary scale dimensions 
greater than the unitarity bound there are also contributions from semi-short multiplets 
whose dimensions are protected. According to [Hj the relevant semi-short multiplets which 
may contribute to the operator product expansion of two [0, 3, 0] ^-BPS multiplets cor- 
respond to the case where the lowest dimension operator belongs to the representations 
[0,0,0], [0,2,0], [2,0,2] and [0,4,0], for even £, and [1,0,1], [1,2,1] for odd i. Denoting 
the multiplets by C jn these contain operators with twist A — £ according to the following 
table (obtained from jH]), 



C 



[0,0,0]£ 



1,0,1 



10 



c 



[0,2,0]£ 



C[2,o,2]^ [0,0,0] [0,2,0] [0,4,0] [2,0,2] 



10 



12 



[0,0,0] 



,^ + 2,^ + 4 



[0,2,0] 



' + 2 



[1,0,1] 



' + 1,^ + 3 



[0,0,0] 



£+l,£+3 



-1,^+1, £+3 



-1,^+1 



-3,^-1,^+1 



[0,2,0] 



£+1,^+3 



^-l,£+l,£+3 



-1,^+1 



-1 



[0,4,0] [2,0,2] 



+ 1,^+3 



-1,^+1 



[1,0,1] [1,2,1] 



t,£+2 



-2,£,e+2 



?+2 



J+2 



[0,0,0] 



i+2 



t,£+2 



-2,i,i+2 



[0,2,0] 



?,£+2,m 



J+2 



J+2 



e+2 



tJ+2 

i+2 



-2 J 



?J+2 



e+i 



tJ+2 

i-'i,e. 

e+2 



1-2, e 



[0,4,0] 



t+2 



[2,2,2] 



e+2 



t+2 



[2,0,2] 



e+2 



J+2 



1,0,1 



[1,0,1] 



e+ij+^ 



-lJ+lJ+2, 



-ij+i 



[1,2,1] 



e+ij+2, 



e+i 



e+i,e+z 



-1,^+1 
£+3 



-1,^+1 



[1,2,1] 



e+ij+z 



e.-\,i>+i 

£+3 



-1,^+1 



-1 



[3,0,3] [1,4,1] 



e+ij+z 



e+i 



-ij+i 



e+i 



[0,4,0]l 



[0,0,0] 



[0,2,0] 



[0,4,0] 



TJ+T 

e+4 



[0,6,0] 



[2,0,2] 



[2,2,2] 



1,0,1] 



1,2,1] 



[3,0,3] 



1,4,1] 



e+2 



e+2 



e+2 



^+1,^+3 



e+i,e+3 



^-1,^+1 

e+3 



iJ+2 
e-'ii 



tJ+2 



J+2 



t+2 



e+i 



e+i 



?+i 



10 



-1,^+1 



-1,^+1 



C[l,2,ll^ 


[0,0,0] 


[0,2,0] 


[0,4,0] 


[0,6,0] 


[2,0,2] 


[2,2,2] 


[1,0,1] 


[1,2,1] 


[3,0,3] 


[1,4,1] 


6 




e+i,e+3 


e+i,e+3 




^+1,^+3 


e+ij+3 


e+2 


e,e+-2 
e+i 


e+2 


e+2 


8 


e+i 


e-i,e+i 
e+3 


e-i,e+i 
e+3 


e+i 


e-i,e+i 
e+3 


e+i 


e,e+2 


ej+2 


e,e+2 


e+2 


10 


e-i,e+i 


e-lJ+1 


e-i,e+i 




e-ij+i 


e+i 


e-'2,e 
e+2 


e-'2,e 
e+2 


e 


e 


12 


e-i 


e-ij+i 


e-1 




e-i 




e-2,e 


e-2J 
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Table 1: Spins of operators for given twist belonging to semi-short multiplets 
contributing to the operator product expansion of two [0, 3, 0] ^-BPS multiplets. 



It is important to note that 

C[0,0,0]£ + C[i,o,l]f-l ) C[i_o,l]^ + C[2,o,2]£-l 7 C[o,2,0]f + C[i,2,l]£-1 , (6.26) 

combine to form complete long multiplets with the lowest scale dimension compatible with 
unitarity. These combinations may then be absorbed into contributions represented by 
B, C respectively, which may gain anomalous scale dimensions. Nevertheless the free 
field contributions given in (|6.5() cannot all be described by a choice for A', B, C and so 
correspond to long multiplets. We show here, for simplicity to zeroth order in how the 
additional terms necessary to accommodate (|6.5() have restricted twists and are compatible 
with the expected contributions in Table 1 so that for suitable r, i, 

AT\s, t) = Y, s^+'Gfl,_^,{s, t) . (6.27) 

To procede we first isolate those contributions to Cq,Bq and i^i (|6.13|) . 1)6. 17() and 
1)6.21(1 which are protected in that there are no corresponding terms involving Ins which 
generate anomalous dimensions, 

At^'\s,t) = a^,iS^G\'>^,^,{s,t), (6.28) 

T=0,l£=0,2,... 

where we note that bi/ = C2/ = 0. We then define, using ()6.1H) . 

^short ^ i?^(^short^ ^short^ ^short) ^ J = [0, 6, 0], [1, 4, 1], [0, 4, 0] . (6.29) 

Thus A^QQQ-^{s,t) = s^Co^°''*(s, t) and it is easy to see that 

4°f°^=Cr,£, T = 1,2, £ = 0,2,... . (6.30) 

which corresponds to an operator product expansion involving protected twist 6 and 8 
operators. The relevant operators may clearly be identified with the C[o^4_o]f ^^'^ C[i,2,i]e semi- 
short supermultiplets. For ^[o,6,o] ^[o,4,o] using (|6.8|) we may show that this requires a 
non zero 

d^f^W = 1,2,3, 1 = 1,3,... , d^f^^ T = 1,2,3,4, i = 0,2,... . (6.31) 

where the cancellation of possible r = —1,0 terms depends on 5o,^ = — 4ci^^_i and ao,^+2 = 
— 4c2/. Here the G)^ appearing in the final result for the OPE correspond to just those 
expected for operators belonging to C[o^4^o]^) C[i,2,i]£ semi-short supermultiplets. Detailed 
results for df^ are given in Appendix ^ It is critical that they are positive. 



E 


E 


Cr/b <J"2r+£+4V''' 




r=l,2£: 


=0,2,.. 






E 


E 






T=0,2£: 


=1,3,.. 






E 


E 




,t), 


T=o,ie-. 


=0,2,.. 
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A crucial test is whether all the remaining free field contributions can be represented as 
in H6.27() . If we subtract off all contributions corresponding to long multiplets which gain 
anomalous dimensions we have in general 

= Hj + FjiAt°'\Bt°'\Ci'°'') , Hj = - Fj{Ao, , (6.32) 

dropping any l/N"^ terms in A^j^'^. Results for Hj{s,t) are given in Appendix IFl which are 
simple when expressed in terms of new variables z,x. Using this form it is straightforward 
to see that Hj corresponds to contributions which have only twist 2 or twist 0. 

In detail we first consider ^[so'^s]' ^^^^ case only twist 2 contributions 

appear in the expansion of -^[2,2,2] ^-nd iifp^o.s]- Adding on the contributions resulting from 
^short ^ ^short £qj. ^j^-g ^^^^ ■ (j6.H2|) there are again non trivial cancellations and we find 
non zero expansion coefficients just for 

4^f^l r = 1,2,3, £ = 0,2,... , d^f'^W = 1,2,3, e = 1,3,... . (6.33) 

For J = [2, 0, 2], [0, 2, 0], [1, 2, 1], [1, 0, 1] Hj contains both twist and twist 2 but together 
with twist 4 such contributions cancel in A^j°^^ leaving 

4T'Uff°lr = l,2,3,4, £ = 0,2,..., ^1, 4?'^' r = 1, 2, 3, 4 , £ = 1,3,..., 

(6.34) 

to be non zero. The singlet case, J = [0, 0, 0] is further restricted in that there is cancellation 
of twist 6 terms as well leaving non zero 

^[0,0,0] ^ = 2,3,4, £ = 0,2,... . (6.35) 

It is then clear, for all representations J, by matching (|6.3()|) . (|6.31|) . (|6.33j) . (|6.34j) and (|6.35|) 
with Table 1 that, to zeroth order in 1/A^, that only operators belonging at least to the 
^^[0,4,0]^) C[i,2,i]e semi-short supermultiplets are necessary in the operator product expansion, 
although contributions in addition from C[2fi,2]e possible. 

When £ = 0, 1 then the results for d'^^ may be modified. First we note that we must 
have 

d^'^'^'^ = 50 , (6.36) 

reflecting the contribution of the identity operator. For £ = 0,1 all df^^ listed above are still 
present to zeroth order in 1/N except for the twist 6 contribution 

4°o '°1 = . (6.37) 

From Table 1 we may note that for twist 6 the operators in the C[o,4,o]0) C[i^2,i]i semi-short 
multiplets in the [0,2,0], [0,6,0], [2,0,2], [2,2,2] representations have lowest spin 2 while 
for [1,0,1], [3,0,3] the lowest spin is 3. Also for C[i 2,i]i we only have a twist 8 [0,6,0] 
operator with spin 2. From C[2^o,2]o we may have operators for [2,0,2] with spin and 
[1, 0, 1], [3, 0, 3] with spin 1. The remaining gaps correspond to operators which are part of 
short BPS multiplets. If we denote such multiplets by Bj, where if ^7 = [q,p, q] with g > 
it is a |-BPS multiplet and if g = it is ^-BPS, the relevant multiplets which may occur 
in the operator product expansion here with twist 6 or more are listed in Table 2. 
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^[0,6,01 


[0,2,0] 


[0,4,0] 


[2,2,2] 


[0,6,0] 


[1,2,1] 


[1,4,1] 






6 




2 









1 






8 











1 








10 



















^[2,2,21 


[0,2,0] 


[0,4,0] 


[2,0,2] 


[2,2,2] 


[0,6,0] 


[1,0,1] 


[1,2,1] 


[1,4,1] 


6 




2 


2 


0,2 






1,3 


1 


8 


0,2 


0,2 


0,2 








1 


1 


1 


10 
















1 


1 




12 




















Table 2: Spins of operators for given twist belonging to short BPS multiplets 
contributing to the operator product expansion of two [0, 3, 0] i-BPS multiplets 
with twist at least 6. 

Both BPS multiplets to account for operators which have been identified has necessar- 
ily present in the operator product expansion. It is evident that (|6.37|) is necessary for 
compatibility with the representation content of short and semi-short multiplets. 

Thus we have shown that the OPE underlying the supergravity-induced four-point am- 
plitude of ^-BPS operators of dimension 3 fulfills the requirements of the superconformal 
symmetry and unitarity. Only those long multiplets belonging to the representations [0, 2, 0], 
[1,0,1] and [0,0,0] may acquire possible anomalous scaling dimensions. 
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Appendices 

A The J\f = 2 reduction formula 

Here we present a simplified version of the procedure of Ref. JS| for projecting an = 4 
four-point function of ^-BPS operators onto the Af = 2 hypermultiplet (HM) and SYM 
constituents. The new procedure can easily be applied to |-BPS operators of any dimension 
k. Further, we briefly recall the use of the N = 2 insertion formula from Ref. |19j and apply 
it to the correlator of weight k = 2>. In this way we can reproduce the results of Sectional 
without reference to the = 4 insertion formula. 

The lowest component of the = 4 field-strength multiplet , i = 1, ... ,6 is a real 
vector of S0(6). Reducing S0(6) to SU(3), we can decompose it into 3-1-3: 

W^, Wa, a = 1,2, 3. (A.l) 
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The further decomposition SU(3) SU(2)xU(l) results in 

^ W = a = 1,2; W^ = w. (A.2) 

After projection with SU(2) harmonics becomes the lowest component of the Grassmann 
analytic M = 2 HM q'^ = u^cp"", w is the lowest component of the chiral N = 2 field strength; 
their conjugates are = u~^"'(j)a and the antichiral w. 

The SO(6)-covariant field-strength propagator is {W\1)W^{2)) = {W^{1)W'{2)) ~ 6'^. 
Introducing S0(6) harmonics li,2j and their symmetric contraction (12) = (21) = lj5*-'2j, 
we can write the harmonic-projected S0(6) propagator (1^(1)1^(2)) ~ (12). Next, reducing 
SO (6) to SU(3) we decompose the SO (6) contraction into SU(3) pieces: 

(12) = li6'^2j = 1^2a + U2^ = [12] + [12] . (A.3) 

In this notation we have "oriented" propagators for the SU(3)-covariant field strengths: 
{WW) = [12] and {WW) = [12]. The further reduction of SU(3) to SU(2)xU(l) gives, e.g., 
[12] = 1^2^ = l«2a + 1^23. This can be split into two independent propagators, one for the 
M = 2 HM: 

{qq) ~ r2, = re,fe2'' = -1,2'^ ^ [12] = -[21] (A.4) 

and one for the J\f = 2 field strength, {ww) ~ 1^23 = 1 (in the latter there is no need to use 
harmonics, 1^23 is just a "bookkeeping device"). 

The |-BPS operator of weight k is Tr(>V''-*^ • • • W*'-'-''), where {} denotes traceless sym- 
metrisation. Projected with S0(6) harmonic, it becomes = Tr(W*^ • • • W**)lii • • • Ij^,, 
and the absence of traces is guaranteed by the defining properties of the SO (6) harmon- 
ics. The four-point function for such operators has a harmonic structure consisting of all 
possible pairings of the four sets of harmonics. For instance, for k = 2 we have 

= Ai (12)2(34)2 + A2 (13)2(24)2 + ^3 (14)2(23)2 

+ Bi (13)(14)(23)(24) + B2 (12)(14)(23)(34) + B3 (12)(13)(24)(34) , (A.5) 

(compared to ea. 1)2.10(1 . we have absorbed the space-time propagator factors into the coef- 
ficient functions A, B, C). 

The reduction to either N = 2 HMs or field strengths is straightforward. We replace 
each S0(6) contraction by SU(3) contractions: {jpq) = [pq] + \pq] and expand each S0(6) 
harmonic structure in ()A.5|) into products of SU(3) contractions. For example, 

(12)2(34)2 ^ [12]2[34]2 + 2[12]2[34][34]+4[12][12][34][34] + ... 

(13)(14)(23)(24) ^ [13] [14] [23] [24] + [13] [14] [23] [24] 

+ [13] [14] [23] [24] + [13] [14] [23] [24] + . . . , (A.6) 

where we have displayed just the terms relevant for the two HM projections considered 
below. If we want to keep only the HM constituents of the composite operators, we need 
to replace the SU(3) contractions by SU(2) ones, taking care of the signs, e.g., [12] [12], 
[12] — > —[12]. In this way we obtain, for example, 

{f\q^\f\q^) = Ai [12]2[34]2 + [13]2[24]2 + A3 [14]2[23]2 

+ [13] [14] [23] [24] - B2 [12] [14] [23] [34] + [12] [13] [24] [34] ; (A.7) 
{qWq\qq) = -2^1 [12]2[34]2 + [13]2[24]2 + [14]2[23]2 

+ Bi [13] [14] [23] [24] + B2 [12] [14] [23] [34] - ^3 [12] [13] [24] [34] . (A.8) 
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Finally, with the help of the SU(2) harmonic cychc identity [12] [34] + [13] [42] + [14] [23] = 
we can eliminate, e.g., all factors of the type [13] [24]. Thus, the projection (|A.8|) becomes 

- ^s) [12] 2 [34] 2 + 5i [14] 2 [23] 2 + (5i + B2 



j\qq) = {-2Ai- 



-i?3)[12][34][14][23]. (A.c 



Similarly, to obtain the U(l) or chiral-antichiral M = 2 field-strength projection we 
replace every (pq) in ea. HA.5|) by 1 if it corresponds to a Wick contraction of the type (ww), 
or by if it corresponds to (ww) or to (ww). In this way we find 



{w 



2| -2| 2| -2\ 
'w \w \W ) 



A1 + A3+ B2 



(A.IO) 



Clearly, this procedure can easily be generalised to any dimension. In the case /c = 3 we 
have the decomposition H2.14() of the AA = 4 amplitude into ten SU(4) harmonic structures. 
It has a large number of possible M = 2 HM projections, but it turns out that in order to 
derive the consequence of the N = 2 insertion formula it is sufficient to consider only one 
^). Repeating the steps described above, we easily obtain 

(-3^1 - Bi) [12] 3 [34] 3 - ^3 [14] 3 [23] 3 
+ {-Bi + 2B2 + C) [12]2[34]2[14][23] 
+ (-S3 -Bi + C) [14]2[23]2[12][34] . (A.ll) 



of them, {q^\(f 



q^q[ 



{q^\f\q^q\qq^) 



In order to find the restrictions following from the insertion formula, we need not appeal 
to its = 4 version, but can rely on the safer and well-understood N = 2 one based on 
the off-shell harmonic superspace formulation of the theory. The N = 2 insertion formula 
|15| I19j predicts that any M = 2 amplitude is a product of the dimension 2 polynomial 



o2222 



[12]2[34]2 [14]2[23]2 

A A ^ ~l~ A A 



t + 



[12] [34] [14] [23] 



X -19X0 



"12-^34 ^14^23 •^12-^34' 

with another factor of dimension k — 2 which contains arbitrary functions of s,t. In our 
case of dimension 3, for the projection in eq. (|A.ll|) this gives 



X 1 rt X n 



^14 ^23 



(s + t-l) 



(A.12) 



{q^\f\q'^q\. 



o2222 



F{s,t) 



[12] [34] 

J-]^2 -^34: 



G{s,t) 



[14] [23] 

■^14 -^23 



(A.13) 



Comparing the coefficients of each of the four independent harmonic structures in eqs. (|A.ll|) 
and (|A.13() we obtain four equations relating the coefficients A, B, C to the newly introduced 
arbitrary functions F, G. Further, from the crossing symmetry relations H2.11() . ()2.15() and 
(|2.16|) it follows that only three of the coefficients A, B, C are independent. Thus, the four 
equations impose a relation between the functions F and G, so that in the end everything 
is expressed in terms of G. The independent function 7 (|3.16|) is related to G as follows: 



3(t 



G-2G--{G + G) 



or inversely. 



G 



t- s + l 
t 



7-t7 



(A.14) 



(A.15) 



Here G{s,t) = G{t,s) and G{s,t) = G{s/t,l/t). In addition, the crossing symmetry condi- 
tion 7 = 7 is equivalent to the corresponding condition on G in ea. HA.14l) : 



G + -{G + G) 
s 



+ 



. 



(A.16) 
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B C-algebra 

B.l C-tensors 

The supergravity fields of tlie five-dimensional effective action couple through S0(6) in- 
variant tensors represented by overlapping integrals of spherical harmonics on the five- 
dimensional sphere: 



ai23 



h 

{a/3) 



These are essentially the Clebsh-Gordon coefficients for the tensor product of S0(6) irreps, 
and it is in terms of these tensors that the cubic and quartic couplings of the effective action 
were expressed in Ref. 

The irreducible representations of SO (6) which are of interest to us here have Dynkin 
labels [0, A;, 0] and [1, A;— 1, 1] (A; odd), [2, A;— 2, 2] (A; even) and can be described in terms of the 
canonically normalised C-tensors with the corresponding Young symmetry. In particular, 
the irrep [1, A;, 1] is given by a tensor C^.^^ which is traceless symmetric w.r.t. ii, . . . ,ik 
and has a vanishing symmetric part, while [2, k, 2] is described by C^„.j^ ^ , traceless and 
symmetric w.r.t. ii, . . . ,ik and m, n separately, and obeying the constraint 

r~il I nl _|_ _|_ r<I _ n 

^mn;ii...ik ~r ^mii;n...jj. ~r . • • ~r ^ rnif^\ii . . .n ^ • 

We assume the following normalisations 

'-^m;ii...i^'--'n;ii...ik ~ '^mn'J i '-'mini;ii...ife*-'m2n2;ii...jfc ~ " Umini;m2n2 ■ 

The relation of the integrals of spherical harmonics to the C-tensors is as follows 

j-j-a kjlzikj) 
7r2 1(7 + 21! Z 



7r2(o- + l)!2<^ 

where z{k) = {2''-'^{k + l){k + 2))^/'^ , a = \{ki + k2 + k^) and ai = ^{kj + ki-ki), ji^l^i. 
We use the notation (C^C^C^) to denote the unique S0(6) tensor obtained by contracting 
particular subsets of indices of the three C-tensors Cj^ ^ ^ (the subscript denotes the Dynkin 
labels of the corresponding irrep). Explicitly, 

('^[0,fcl,0]C[0,fc2,0]C'[0,fc3,0]) = ^/lVic,2il---ic«3'^il^Jc,3/l.../c«i'^/l^./c«iil...ic«2 ' ^'^^ 

and 

IC^ /^2 ^3 \ r~<I\ (-~il2 r^Iz 

\'-'[0,fci,0]'-'[0,A:2,0] '-'[1,^3-1,1]/ ~ '-"mn...jp2ji...jrp3'-"ji...jp3«i...«p3"-'m;/i..Jp^il...ip2 

— C^^ C^^ C^^ fB 51 
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where Pi = ai + ^, P2 = 02 — ^ and = as — | and, 

(^[0,fci,0]^[0,fe2,0] ^[2,^3-2,2]) ~ ^rnii..Ap2ji...jp^^n]i...jp^h..dpj^^rnn-,h...lpj^ii...ip^ • i^-^) 



Now we specialise these formulae to the case of interest when the legs 1 and 2 correspond 
to A; = 3 ^-BPS operators, i.e. to the irrep [0, 3, 0] (to simplify the notation, we will not 
display the Dynkin labels for these two legs). It is easy to see that (C^C^Cjq 0]) ¥^ ^ o^ly 

^lr^2/~«3 \ / n ^viU, ;f J,. _ 1 or: in^n'^n'i 



if = 0, 2, 4, 6, {C'C'C-^ / only if = 1, 3, 5 and {C'C'C-^ 2,) / only if 

A:3 = 2,4. 

B.2 Summation formulae 

The four-point function (|2.2H) is given in terms of ten independent tensor structures (5^^5^^, 
C^^^^ (and permutations) and S^"^^^. However, the AdS exchange graphs and the quartic 
couplings are expressed in terms of sums of the type 

{C^C^C^){C'^C^C^) , (B.7) 

where summation over the representation index at the fifth point is assumed. Therefore we 
need to reexpress these sums in the basis of our ten independent tensor structures. This 
can be achieved by using the completeness condition for the C-tensors. Below we obtain 
the corresponding formulae. 

In view of possible applications to the computation of correlation functions of higher 
^-BPS operators it is useful to derive a general formula for the sum C/^ j„ expressing 

the completeness condition. We have 

[f] 

Here (. . .) stands for total symmetrisation of indices, and = S^^\i-i^...ip),{ji...jp) 

denotes the symmetrised product of p Kronecker deltas 6i^.j^ . For every fixed k the in- 
ternal sum runs over all subsets (li . . .Ik) G (1 . . . n) which lead to different products 
^ii^ii^ •••^H^ to expressions that cannot be obtained from one another by per- 

muting Kronecker deltas in the product. The coefficients Ok can be found by requiring the 



r.h.s. of HB.8|1 to be traceless w.r.t. any pair of indices from ii, . . . , i„ and they are 

(-1)^ 

^° = ^' ^^=2Mn + l)...(n + 2-A:)- ^^'^^ 
As an application of this formula we have, for instance. 



^111213 jlj2j3 g 



^iljl^i2j2^i3j3 + ^ilj3^i2jl^i3j2 + ^ilj2^i2j3^i3jl 

+ ^iij2^i2ii^i333 "I" ^iljl^i2j3^i3j2 ~^ ^iij3^i2j2^i3ji 
o ^hi2^i3{jl^j2j3) ~^ ^hi3^i2{jl^j2j3) ''^ ^i2i3^ilijl^j2j3) ' (B.IO) 
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Now substituting the completeness condition in the sum (|B.7() with Cjq qj and using 
the definitions (|2.2()|) . we obtain the following formulae (the case ^5 = trivially gives 

//-y1^2^5 \/n^r^Ar'5 \ _ ^ 1234 , 1^1324 , 1/-y1423 2 ;^234 ^ ;^243 

\o u O[o4o];\u o (-^[0,4,0]/ ~ ■^'^ 6 6 ~ 15 "15 

(ClC^Cf )(£,3£,4p5 J ^ _L(jl3j24_|_jl4^23^gpl342 ^gpl432) 

^ (^45'1234 _|_ ^1324 _|_ (^1423^ 

A (C1234 + ^1243) _ A5I2534 _ (B -^i) 

140 ^ ^700 ^ ' 

The sum ()B.7|) with C^^ f^^^_^ involves the tensors C^.j, C^.^j,^, C^.^ji^ip. The ma- 
trix Cm;i is antisymmetric and the corresponding completeness condition reads CljC^.i = 
^{6ik6ji — 6u6jk)- Therefore, for fcs = 1 it gives 

(c^'c''qiAi])(c'c'qlo,i]) = 2(^1^3^ - ^1243) . (B.12) 

For the other two tensors the completeness conditions are more involved because of the 
mixed symmetry of the indices. Fortunately, there is another, indirect way to work out the 
corresponding sums. In 32^ the following reduction relations were proved: 

. . (/l ~ /2)(/3 - /4) : ^ f / \ 

Cl25*345 — 77 01250345 + 7/5 1«145«235 — 02450135; ) 

4/5 4 

(1 - /5)il25i345 = ^(/l - /5(/l + /2 + /3 + /4 - 4))(ai45a235 " 01350245) 
4-/5 

7-^(/i - h){h - /4)ai25a345 , (B.13) 

4/5 

where fi = ki{ki + 4:). Since we already know the sums (|B.11() and their relation (|B.1() to the 
integrals of the spherical harmonics, we can substitute them in the r.h.s. of HB.13|) . Further, 
using HB.12|) and (|B.2() . we obtain two equations for the two remaining sums, whose solution 
is 

o 

1423 

11/ — I / — in y -t- .)( / 

25 

+ 15C71342 _ -^5^1432 ^ 5^13^24 _ 5^14^23\ (314) 



{C'C^Cl,^,^){C^C^Cf,^^^,^) = 1 (C^234_ ^1243 _ 5^1324 



Analogously, using formulae (B.IO) and (B.ll) from 32 we obtain 



2 
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Ylr^2/~<5 \//~<3r<4/^5 \ _ ^ f'^r<1234 , ^ ^1243 _ ^1324 _ ^1342 _ ^1423 _ ^1432 



\U U 0[2^2,2]/W "-^ '-"[2,2,2]/ " 15 V? 7 



+ 5I3524 ^ ^14^23 _ 1512534\ _ 

35 ' 

In conclusion, formulae HB.11|1 . HB.14|) and (|B.15|) are the necessary tools to express the 
contribution of the exchange graphs and the contact term in terms of the ten independent 
tensor structures. 



B.3 Pairings and normalised projectors 

Given the four-point function (|2.14j) one can analyze the underlying OPE. To this end one 
needs the (normalised) projectors on irreps appearing in the decomposition (|2.13() . This 
problem has already been partially solved since eqs. (|B.ll|) . (|B.14|) and ()B.15|) represent the 
(non-normalised) projectors on the corresponding irreps in H2.13() . Only the projector on 
the irrep [3, 0, 3] is missing. To normalize the projectors as well as to find the missing one, 
the pairings among the ten tensor structures of H2.14() have to be worked out. This is done 
by using the completeness relation ()B.in|) and the results are summarised in Table 3. 



Tensor 


^1234 


(^1243 


(^1324 


^1342 


^1423 


^1432 


^1234 


(-^1234 


50375 
108 


1375 
108 


25525 
108 


1025 
108 


1025 
108 


325 
108 


575 
24 


^1234 


575 

24 


575 
24 


575 
24 


575 
24 


575 
24 


575 
24 


13225 
144 


^12^34 


1250 
3 


1250 
3 


125 


25 
3 


125 


25 
3 


125 
3 


^13^24 


125 


25 
3 


1250 
3 


1250 
3 


25 
3 


125 


125 
3 


^14^23 


25 
3 


125 


25 
3 


125 


1250 
3 


1250 
3 


125 
3 



Table 3: C-algebra. The number appearing at the intersection of a row and a 
column is the value of the pairing of the corresponding C-tensors, e.g. the value 
of C123451234 575/24. 



Using Table 3 we can easily find the expressions for the normalised projectors. Their nor- 
malisation is fixed to be Pj-2^4pi234 _ where vj is the dimension of the corresponding 
irrep. We find 

pl234 _ 1 a12a34 

^[0,0,0] - ^ ^ 

6 /„19'^4 . ^194'^ 1 



pl234 _ O /^1234 I ^1243 ^rl2e34\ 
^[0,2,0] - YhV +^ "F M 
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d1234 _ ^/^r,cl234 , 1^1324 , 1^1423 ^ 1334 ^ 1343 , ^ xl2 r34 

Mo,4,o] - 7P +2^ +2^ "5^ "5^ +20"^ 

pl234j = _L(^5l3<^24^ ^14^23 ^9^1342 ^9^1432 



- (45^234 ^ ^1324 ^ ^1423^ ^ 3 .^i234 ^ ^1243^ _ 1^12^34 

7 7 35 



d1234 _ /^1234 ^1243n 

^[1,0,1] - 75^^ ~^ ^ 



pl234 _ lc_(-7l234 _|_ ^1243 _|_ 2(^1324 _ 2(^1423\ 



pl234^ _ J_ ^(;;7l234 _ ^1243 _ 5(^1324 _|_ 5(^1423 

+ _ 15C1432 + 55I3524 _ 5^14^23 > 

pl234 ^ 1 / 2C1234 _ 2^1243 _ ^^1324 ^ ^^1423 _ 21^1342 ^ 21671^32 
[3,0,3] 28 V 

+ 75I3524 _ 7^14^23 

pl234 ^ A f _ 205^234 _ 5^1234 _ 5^1243 ^ ^0^1324 ^ -^^^1423 ^ ^12^34 

pl234 ^ _9_ f _ 35C1324 _ 35^1342 _ 35^1423 _ 35^1432 
[2,2,2] \^ 

+ 10^1234 ^ ^Q^1243 _ ^12^34 ^ 35^13^24 ^ 35^14^23^ _ -^g) 

C Contact terms 

Here we extract the relevant contact interactions from the general quartic effective La- 
grangian of 32 . This Lagrangian can be written in the form 

£4 = cfs'^V^s^V ■ Vis^V^s^) + cfh'V^sh^V'^s'' + cfs'shh"" , (C.l) 

where C^^^ and C^^^ are the corresponding couplings considered as functions of the 

representation labels ki = x, k2 = y, = t, k4 = w of the four scalar fields involved 
(c./. Appendix A of [SH)^- For the case of interest we put x = y = z = t = 3. Finally, in 
comparison with we rescale the fields as s — > ^^1/2 ^ fit with our normalisations of 
the quadratic and the cubic terms in the actions of Section [IJ and we change the overall 
sign to work with the Euclidean version of the AdS space. 

C.l Four-derivative couplings 

First we sum up the quartic couplings of the four-derivative vertex 



^3 



1 7 „o 369 



TT' 



3 



fb ~ ■577/5 + "^/s («145a235 — 01350245) + „-|o „^ if 5 — 1) ^125*345 



~ 480ni024^^ 32-'^ ' 32 ^'^J ^^^^^^^^^ -..o-^..oj . 2I8.75' 
®One of the couplings in |32| was not printed out properly and we therefore reproduce it here 

iSp2)'-°Xl3l4 = |/5J5l25P345(fc? + fcl + feg + fc| - 2(fei +^2+^3+ ki) + 2(fcife2 + kaki) - 4). 
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Next we express all the a- and t-tensors in terms of C-tensors using formulae <\ii.l\\ and 
HB.2|) and apply the summation formulae of Appendix^ As a result we get 

= _1_ _ ^1243 + ^^1342 _ ^1432 ^ ^1423 _ ^1324) _ (^.2) 

On the other hand, for the AdS^ background the four-derivative interaction can be written 
as 

The first term here is symmetric under 2 <-> 4 while the second term is symmetric under 
2^3. These terms are further multiplied by the tensor (|C.2|1 . which is antisymmetric under 
2 <-> 4 and independently under 2 <-> 3 and therefore the corresponding result vanishes. 
Hence there is no four-derivative contribution to the on-shell value of the gravity action. 

C.2 The remaining couplings 

Proceeding as before, i.e. expressing the total two-derivative coupling in terms of the C- 
tensors, we obtain 

(2) _ 1 



^ 1761607680 



3125461668 + 323264681 C^^^^ + 123826345 C 



1243 



+ 826347689 C^^'^^ - 134041431 C^^^^ + 733630633 C^''^^ + 369041577 C^^^^^ 



206335071 6^^ 6^'^ - 53550175 5^3^24 _^ 99234721 ^23 



(C.3) 



This expression looks rather ugly but this is in fact spurious because we have not yet taken 
into account that it is multiplied by s^V ^s'^ s^V^ s'^ , an expression which is symmetric w.r.t. 
2 <-> 4. Indeed, with this in mind we see that eq. (|(].3|) is equivalent to 



C^I^s^Vus'^s^Vs^ = — - 4464945245 + 98900894(Ci2^^ + C^^^^ ^ Cl^23^ 

251658240 



7650025(5^2^34^ ^14^23 ^^13^24> 



_ ^^1243,1^^,2^3^^,4^ (C.4) 

It is clear that the tensor in the square brackets is totally symmetric under permutations 
of the indices (2,3,4). 

Now, consider the expression 

/ = /234^1^^^2^3^M,4^ (C.5) 

where x^^^^ is a totally symmetric tensor. Let us show that such an interaction term can 
be reduced to a term without derivatives. Indeed, under integration by parts we obtain 



X 



1234,lv^s2^3yM,4 ^ ^1234^1^^^3,2^M,4 ^ _^1234^^^1^2^3yM,4 _ ^1234^1^3^^,2^m,4 



Hence we find 



Xl234,lv^s2^3^;.,4 ^ _!^^1234^1^2^3,4 ^ ^1234^1^2^3,4 ^ (^.6) 
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where we have used the fact that m| = —3. Therefore we can use this trick to reduce the 
totaUy symmetric part of the term C^^^ s^V ^s'^s^V^^s^ to a term without derivatives. 
Next, the couphng without derivatives reads 

(0) ^ 68665157 ^234 . 100568527 1^34 4675733 .34 

^ 20971520 41943040 16777216 ' ^ ' ' 

where we have taken into account that this couphng is muhiphed by s^s^s^s^ which is 
symmetric under permutations of 2, 3, 4. 

Finahy, summing up C^^^ with the non-derivative term obtained from the symmetric 

(2) 

part of £4 , we obtain the spectacularly simple final expression in eq. (|4.4|) . 



K^iw,x) = ^—^ , (D.2) 



D D-functions 
D.l D-operators 

Here we cohect the necessary facts about the D-functions. The D-functions related to 
AdSd+i are defined by the formula 

^AiA2A3A4(a:^i, 2:2, 2:3, 3:^4) = [ ^ "1+1^° JJ-^A,(w,a;t) , (D.l) 

"^0 i=l 

for 

^w'q + {w — xy 

and where the integral is taken over the space parametrised by = {wo,w), w being a 
d-dimensional vector, wq > 0. From this definition one can deduce the following Feynman 
parameter representation 

I^A,A.A3A4(xi,X2,X3,X4)= ^^^^^^^^ j \{^a,a^^ (E.<.«.«.4.)^'^°-'^ 

where S = ^ Ylri=i ^i- Fi'om the D functions we may define corresponding functions of the 
conformal invariants s, t by 

n-=ir(A.) 2 ^ , , (^2 f-Ai-A4(^2jS-A3-A4 

r(^-lA\ — -PAiA2A3A4(a^l,^2,X3,X4) = ^ ^ . ^Ai Aa A3A4 («, • 

(D.4) 

For Aj = 1 we have 

:Dnn(s,t) = $(s,t), (D.5) 

where $(s,t) given in terms of the standard four-dimensional one-loop (box) integral con- 
sidered as a function of the conformal cross-ratios s and t. It has an explicit representation 
in terms of dilogarithms [IH] • 

The L)-functions satisfy the following derivative relation 



d _ A1A2 

-t^AiA2A3A4 — -T—, ^-f^Ai+l A2+I A3 A4 
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and similarly for any other pair of indices which leads to 



^Ai+1A2+1A3A4 = — 9S-DA1A2A3A4 ) 
^AiAaAg+lAi+l = (^3 + A4 - S - s5s)-Dai A2 A3A4 ; 

-DA1A2 + IA3 + IA4 = — 9iZ)AiA2A3A4 ; 

^Ai+1A2A3A4+1 = (Al + A4 - S - t(9t)-DAiA2A3A4 , 
-DA1A2+IA3A4+I = (A2 + sds + tdt)D ) 

^Ai+1A2A3+1A4 = (S - A4 + sds + tdt)D A-^A2 A3 A4 ■ (D.6) 

This allows differential operators Dai A2 A3 A4 to be obtained so that l\5.'2\i is valid whenever 
Aj, S are integers. The differential operators are not unique, clearly D2222 can be obtained 
by using three separate pairs of equations in HD.6|) giving the relations 



dssds-^ = dttdt-^ = (sds + tdt + if<^ . (d.7) 

The action of the derivatives on <I> is given by ^Hl 

ds^{s,t) = ^ (^{s,t){l-s + t)+2lns- ^ Int 

Ay S 

dMs,t) = ^ -f + s) +21nt- ^^l^lns^ , (D.8) 

where A = ^^{1 - s-t^ - Ast. 

Using ()D.6|) we can obtain expressions for all the D-functions we are interested in as 
differential operators acting on <I>(s,t), up to the arbitrariness following from (|D.7|) . In 
particular, the following D-operators 



D3311 




D3232 = 


{l + sds){2 + sds + tdt)ds 


D3322 


= -{2 + sds)ds^ 


D3333 = 


-{i + sds){2 + sds + tdtf 


D2332 


= -{l + sds)dtds 


D3412 = 


(3 + sds + tdt)ds^ 


D3421 


= -dtds^ 


D3243 = 


-{l + sds){2 + sds + tdt)sds^ 


D3423 


= -{2 + sds){3 + sds + tdt)d,^ 


D3342 = 


-dt{i + sds)i2 + sds + tdt)ds 


D3432 


= dti2 + sds){3 + sds + tdt)ds^ 


D4334 = 


-tdt{i + sds){2 + sds + tdt)ds 


D4433 


= -ds{i + sds){2 + sds + tdt)ds 







may be used to determine the coefficient functions of Section |SJ 

D.2 Relations for /^-functions and simplification of the supergravity am- 
plitude 

Here we show how the original coefficient functions ()5.1|) can be further simplified and 
present an independent proof of the splitting property of the super gravity-induced four- 
point amplitude into "free" and "quantum" parts. 

By virtue of the obvious permutation symmetries in (|D.1() we have 

-Dai A2 A3 A4('5,i) = i~'^^^Ai A2 A4A3('S/*, l/i) 



36 



= -Cas A2A1 A4(*>'5) 

= S^^+'^*-^^A4A3A2A,(s,t). (D.9) 

We also have the reflection property 

-Dai A2 A3 A4 {s,t) = -DE-A3 i;-A4 E-Ai S-A2 {s, t) . (D.IO) 

In addition there are relations involving D functions with differing S. First there are what 
may be referred to as the two up, two down relations 

(A2 + A4 - S)-Dai A2 A3 A4(S)*) = -Dai A2+IA3 A4+l(s>*) - -DAi+1 A2 A3+lA4(s>*) ; 

(Al + A4 - S)-DAi A2 A3 A4('5,i) = -DA1+IA2 A3 A4+l('5l*) - i^Ai A2 + I A3 + I A4('S)0 : 

(A3 + A4 - S)-DAi A2 A3 A4(S)*) = -Dai A2 A3+I A4+l(S)*) - S-DA1+IA2+I A3 A4('5,i) .(D.ll) 
and then the following formula involving the sum of three D functions with the same S 

A4-DA1 A2A3 A4('5)0 = -DAiA2A3 + lA4 + l('5)i) +-DAi A2 + lA3A4 + l(S)*) 

+ -Dai+1 A2 A3 A4+l('S,*) • (D.12) 

These results give relations between Dai A2 A3 A4 for any fixed S and are necessary for 
consistency of ()D.6|) . If Aj = m for integers Ui then for any m = 2S even all D-functions 
may be related^. 

For one Aj = the integral ()D.1|) reduces to a three point function. Using the above 
this leads to 

(-DA1+IA2 A3+IA4 + S-Dai+I A2+IA3 A4 + i^Ai A2+I A3+I A4)|a4=Ai+A2+A3 

= r(Ai)r(A2)r(A3). (D.13) 

This leads, for Ai = A2 = A3 = 1, to the following inhomogeneous differential equation for 

[l-s- t)dsdt -ds^s- t] $(s, = ^ • (D.14) 

Both (Id7|) and (fPlIl) follow from (fP^Hl) . 

These results may now be used to simplify the results of the supergravity calculations. 
For simplicity let 

9 

(ai,5i,c,a,/3,7) = ^^(a^, 6^, c, d, /3, 7) , (D.15) 



^Let (ni, 712, n3, 714) be the set of integers corresponding to a D function. Let (m, n2, ^3, 714) ~ 
(711,712,713,714) if the D function is related up to contributions with lower E. From ID.llll (711,712,713,714) ~ 
(711 + 1,712 — l,7i3 + 1,714 — 1) ~ (711 +2,712 — 2,713,714) and thus we may reduce (711,712) to one of the 
form (771 + 2,7n),(m + 1, 711), (m, 711) and similarly (713,714) to (71 + 2, 71), (71 + 1, 71), (71, 71). The relation 
(ID.lll l then allows m ^ 711 + 1 while n = n + 1 so that we can take 7n = 7i+lor7n = 7i. There are 
then 10 possibilities but these can be reduced to (71 + 3, 71 + 1, 71 + 2, 71) ~ (71 + 2, n + 2, 71 + 1, 71 + 1), 
(71 + 2, 71, 71 + 2, 71) ~ (n + 1, 71 + 1, 71 + 1, 71 + 1), (71 + 1, 71 + 1, 71 + 2, 71) and (71, 71, 71 + 2, 71). Using ljD.12|l 
(71, 71, n + 2, 71) ~ — (71 + 1, 71, 71 + 1, 71) — (n, 71 + 1, 71 + 1, 71). Similarly (71 + 1, 71 + 1, n + 2, 71) can be reduced 

to (71 + 1, 71 + 1, 71 + 1, 71 + 1). 
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and then we may write from H5.1|) 

ai = s^{{l + t- s)(Du33 + ^4422) + 5:03333 - ;D33ii) . (D.16) 
To simplify this we use ()D.11|) and ()D.12|) three times in each case to obtain 

(1 + t — 5)1)4433 = —2 -D4424 + 2(-D4323 + -^3423) — 3 -D3333 , 

(1 + t - s):D4422 = 2:04413 + :D4312 + :D3412 " 3^03322 • (D.17) 

Inserting this in ()D.16|) and using ()D.12|) again gives 

ai = -2s3(:D4424 +:D44i3). (D.18) 
With further use of ()D.9|) and (|D.10|) we obtain 

a = -2(sL>3335 + -D2235) = -2s^(D5333 + -D5322) , 
P = —2(^1)3335 + L>3225) = — 2(-D4226 — D3225) > 

7 = -2(;D3335 +:D2325) = -2s (:D5333 + ^05232) • (D.19) 

For further simphfication we first consider bi where we have from ()5.1() . 

hi = + t - s)Dm3s - 41)4334 - 41)3243 + 4t D3342 " -^3423 +^-^3432 

+ 8 -D3232 — 4 -D3322 — 2 -D3412 + 2t D3421 + 2 -D3311 ) 
= ( — 2 -D4424 — 4 D4334 + 2(2)4323 + -D3423) — 3 D3333 — 4 1)3243 + 4 -D4233 

— -D3423 + -D4323 + 8 1)3232 — 4 D3322 — 2 1)3412 + 2 D4312 + 2 D3311) • (D.20) 

According to the general results obtained in Section 01 this is related to (t — s — l)a + 57. 
From (|Dl9|l we need 

{t — s — 1)1)5333 = 2 D4334 + D5223 — 3(1)4233 + -D4323) 

{t-S- 1)D5322 = 2 :D4323 " 3 :D4222 " 2 :D4312 + ^ , (D.21) 

where the last result depends on using (|D.13|) . Hence we obtain 

(t - S - 1)q + S7 = - 4:04334 - 2:05333 - 2:05223 + 6(:D4233 + :04323) 

- 2:05232 - 4:04323 + 6:04222 + 4:04312) - 2 . (D.22) 
Combining (|D.20|1 and (|D.22|) we readily find 

61 = (t-s- l)a + s7 + 2. (D.23) 
The results for c can be similarly simplified. The starting point is 

C = 32st{ - I :D3333 + :D2332 + :03232 + :03322) • (D.24) 
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For comparison we have 

{s - t - l)a + {t - s - l)$ + {I - s - t)7 
= — 4s -D3326 — 4t -D2336 — 4 -D3236 

-8{s-t- 1):D2235 - 8{t-S- 1)D3225 " 8(1 - S - t):D2325 
= — 4 + 8st( — -D2253 — -D5223 + ^3252 + -D5232 — ^2523) 

+ 8t(:D2235 + ^2253) + 8s(D3225 + ^5223) , (D.25) 

where we have used ()D.13|) . Using (|D.9|) and ()D.11|1 to generate an overall factor of st we 
may now use ()D.12|) to demonstrate 

c={s-t-l)a + {t-s-l)p+il- s-t)j + 4. (D.26) 

(|D.23|) and (|D.26|) are equivalent to (jOI) . 

For determining anomalous dimensions we need to identify the terms in -DaiA2A3A4('S, t) 
involving Ins in an expansion in terms of s, 1 — t. For = Ai + A2 — S + 1 = 1, 2, ... we 
have from j41j 

n ( ,^ , (-1)^ r(Ai)r(A2)r(s-A3)r(E-A4) 



00 

X 



(iV-1)! r(Ai + A2) 

(AiV(E- A3)^(A2) m+n 

(S — A4)m+ n 



m,n=0 



where {x)m = T{x + m)/T{x). For = 2, 3, . . . there are additional terms which dominate 
for s ~ and which do not contain Ins, 

i-iv. A. o^, r(Ai -N + l)r(A2 -N + i)r(s - A3 - + i)r(s - A4 - + 1) 



r(Ai + A2 - 2Ar + 2) 

^ ^ (Ai-Ar+l)^(S-A3-Ar+l)^(A2-Ar+l)^+^(S-A4-iV+l)^+n m(,..n 



(D.28) 



E Exchange graphs of a massive symmetric tensor 

Here we show how the method of Ref. j36| can be generalised to compute the AdS graphs 
involving the exchange of a massive symmetric tensor. 

Recall that an exchange graph is a double integral in the z and w variables over the five- 
dimensional AdS space. One first computes the z-integral and then recasts the remaining 
lu-integral as a sum of different /^-functions. 

We start with the equations of motion for the massive symmetric tensor ip^u- The 
Lagrangian is given by [32] 

+ i(2 - f)^,,^^^ + i(2 + f){r,? + aT,,^^^ . (E.l) 
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Here a is some coupling and the tensor T^^, is assumed to be of the form 

V = ^V^sV^s + ^V^sV^s - ^5^,^ (v^sVpS + h^2m^ - j)s^ . (E.2) 

The scalar field s has mass squared rr? = A(A — 4) and / = A:(A; + 4) is the mass squared of 
the symmetric tensor Lpp,y transforming in the irrep [0, fc, 0] of S0(6). The massless graviton 
arises as the particular case /c = 0. For the sake of clarity we suppress the inessential 
representation index for both the and <~p^^^ fields. 

First of all, the Lagrangian implies the following equation 

V.V''^^ = V,V.0''^ - ''-^^^^^\ - , (E.3) 

where d is the dimension of the AdS space, i.e. d = 5 for AdS^. Using this equation we 
then find 

Wp'u%x ^ -VpV^0^, + V^VP<Pp, + V,VP(pp^ - V^V.^p - ((2 - m^^u + ^5^-'^A 
= otlg^pQyx + gpXQvp + w^gfiugp\)TP^ , (E.4) 



which defines the modified Ricci operator acting on (\)p\. Applying the derivative 

to both sides of this equation we find 



Differentiating this formula, using HE.3|) . and assuming that / is non-zero we can solve for 
the trace of Lpp^: 

= - 2/(/+3) (3V^V.r^'^ + fT^^ . (E.5) 

By definition, the z-integral describing the exchange of a massive symmetric tensor is 
given by 

Ap,y{w,Xs,X4) = f ^d+i° Gpv,\p{w, z)T^P{z, X3,X4) ■ (E.6) 

J Zq 

Here the bitensor Gp^^px{w, z) is the bulk-to-bulk propagator for the massive symmetric 
tensor ipp_^. It depends on the AdS invariant distance and obeys the equation 

Wp^^GpX,p'u'{w, z) = {g^^iQyu' + Qpu'guii' + ^^-^gtiiyQii'u'^^iz, w) . (E.7) 
The tensor T^P{z,X3,X4), suppressing the argument z, is given by 

Tpu{x3,XA) = ^^pKa{x3)V^K/^{x4) + ^VuKa{x3)VpKa{x4) 

- ^gpu(y''KA{x3)VpKAixi) + ^(2m2 - f)KAix3)KA{x4)) , (E.8) 
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where the functions K/^{z,x) were defined in HD.2|) . 

Following 36 , we use Af^^{w, X3, 2:4) = A^^{'w — X3,0, X43) and then perform a conformal 
inversion on the integral HE.6|) to obtain 



A^^{w,0,x)= . J^x{w)Jupiw)Ixp{w' - x') , ti;' = — |, x' = ^ , (E.9) 

where J^^iw) = 5^i, — 2 ^'^'^ . We then write down the following ansatz for the tensor 7^,^ 

Ipu{w) = g^^h{t) + Pf,Pu(t>{t) + V^V^X(t) + V(^(P^)y(t)) . (E.IO) 

Here t = Wq/hP', g^^ = 5i^iu/wq, = Sq^/wq, and h{t), (j){t), X{t), Y(t) are four unknown 
functions. To find them one has to work out the action of the modified Ricci operator on 
ea. ()E.10|) . For the individual terms in ()E.10|) we obtain the following formulae 

W^P'^iOpxHt)] = (4t\t-l)h" + 4t{t + l)h' + ^{f + 3)hJg^,-3Vf,V,h, 

W/,^[PpPxm] = 9p.{^tit - l)4>' + ^{f + 2A)4>) - V^V.cA 

+ P,Pu (4*2(1 - t)cp" - St^' + /<a) + ^-^f^ {At{t - l)<t>" + 



and 

4 o, 4 



w^p\VpyxX{t)] = g^,(^--t\t-i)x' --t{t + i)x')f + fypy,x. 

/ 14 4 \ 
W^p\V,{PxY)+Vx{PpY)\ = g^,^--Y--t{t-l)Y')f 



+ p^p,{2Y + 4ty')/ + %^^(-2y7) . 



The basic equation allowing us to determine the unknown functions in ()E.10|) is derived 
by using the fundamental equation ()E.7|) : 

W,^\lpx{w)] = \g,.{2m^ - f)t^ + P,P.(2A2t^) - 2t.H^-'^-^^^^Q^ . (E.ll) 

To solve this equation we first equate the terms involving V^V,/ on both sides: 

V^V,(-3/i-(/> + /X) = 
and pick up the trivial solution 

h(t) = -\<^-rhQ. (E.12) 

Now we equate the coefficients of the expression ^^^l^^-^^^ and find 

4t(t - \)4>' + %t4> - 2fY' = -2A^t^-^ . 
This equation is trivially integrated to give 
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where a is an integration constant. Equating the coefficients of P^Pp we get 

4t^(l - t)(j)" - Sfcj)' + f(t>+ 2Yf + AtfY' = 2A^t^ . (E.14) 

Substituting here (|E.13|) we find a closed equation for cp: 

4t'^{t - !)(/>" + At{3t - + (/ + 4)0 + 2af + 2A(A + l)t^ = . (E.15) 

Finally we equate the coefficients of Qf^y and substitute their HE.12|1 and ()E.13|) . The resulting 
equation is used to find X: 

X{t) = } \l2t'^{2t - l){t - 1)0" + 12t{4f + t - 3)0' + (36 + 5/)0 



8/(/ + 3)L 



+ 42a/-3t^(/ + 2A(A-2At-3)) . (E.16) 



Thus, solving eas. (|E.12|) . ()E.13|) . (|E.15|) and HE.16|1 we can establish the z-integral corre- 
sponding to a massive spin 2 tensor exchange. 

Now we solve equation HE.15|) for A = 3, / = 12. The solution regular at both t = 1 
and t = has the form 

(j)(t) = --a - -t"^ , h(t) = -a + —t"^ , X(t) = -a- —t"^ , Y(t) = -a + -t"^ . 
2 4 ^ ^ 2 20 ^ ^ 4 40 ^ ^ 4 8 

It is easy to see that upon substituting the coefficient functions found into the ansatz 
HE.10|) . all the terms proportional to the arbitrary integration constant a cancel out. Com- 
bining all the pieces together we obtain 

I^w) = ^t^g^, - ^t^ P^P, - ^V^V,t2 + iv(^ [P,/] . (E.17) 

Working out the action of the derivatives this formula can be written in the form 



VM = -^t^P^. (E.18) 



This is an amazingly simple expression, even simpler than the corresponding result for the 
graviton exchange. 

To restore the z-integral from 1^,^ one has to let 

— / / /\9 y — 34 9 / -» \9 9 / -» \9 ' y^^'i^aj 

[W — X Wq + [W — Xsj^ Wq + [W — X4j^ 

and also 



, ] ., J,uHiw' - x\ - = i^^^ - i^^^ . (E.20) 

[W' — X')^ (X3 — W)^ (X4 — W)^ 

In this way we find the following result for the z-integral describing the exchange of the 
spin 2 tensor of = 12: 

3 

Afj,,y{w,X3,X4) = --—^Q,j,QuK2{w,X2.)K2{w,Xi) . (E.21) 

5X34 
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The result (|E.2H) is symmetric under the exchange X4, as it should be. Owing to the 

conformal property of one can also see that A^i, indeed transforms as a tensor under 
inversions. 

(the contraction 



Finally, taking the trace of ()E.21|) and using Q^Q^ 
involves the AdS metric), we get 



(wj— a;3)'^(ii)— 0:4)^ 



(pX = A^{w,X3,X4) = K3{w,X3)K3{w,X4) . 



(E.22) 



On the other hand, this formula should coincide with (|E.5|) for a = 1. Using the formula 
HE.2|1 one can show that eo. HE.Sf) indeed coincides with ea. HE.5|) . This provides a consistency 
check on our calculation. 

The computation of the remaining tu-integral does not present any difficulty and is based 
on the general formula 



V>i,KAiw,xi)Qf, = AKA+iiw,xi) 



2 ^'o 2 ■^o 

^1477"; ~~V2 ^13', 



(E.23) 



F Results for Short Multiplet Expansions 

Using the variables z, x defined by 

s = zx, t = {1- z){l-x), (F.l) 
the functions Hj, defined in ()6.32|) . can be expressed as 

= J^i^aAz) - ^sgjiz) +sfj{z) - (z ^ x)) , (F.2) 

where, from the results in PB], gj represents contributions corresponding to just twist 
and fj to twist 2. We find 

10 / " 

f[2,2,2]{z) 



9l2,2,2]{z) = 0, 
5[3,0,3](^) = 0, 
9[i,2,i]iz) = - 



— \z + ^ 
9\ (1 



/[3,0,3] ( 



(i-z)3;' 



fll,2,l]{z) = l(z^ 



3 



5 /2 



{i-zY 



5'[o,2,o](^) = --7- 



35/ , z' 
z-^ 



{l-zf)' 



35 /2 



/[2,0,2](^) 
/[0,2,0] {z) 
3 j > /[1,0,1](^) 



(1-z) 



45/3 z^ 



{l-zf)' 



9[0fifl]iz) 



25 



-50 + — U 



(1-z) 
-3 ^ 45/2 



lev (1 



15/2 A / 3 z^ 



/[0,0,0](^) 



{i-zfJ + 2 U + {i-zf) ' 

4 Vz ;V {i-zf 



15/ 3 z-^ 

Tr + fi-z)3 



(F.3) 
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The expansion coefficients for the individual contributions of short representations are given 

by 



^[1,4,1 



^[1,4,1 



^[0,4,0: 



.[0,4,0: 



jf2,2,2' 



,[2, 2,2' 



,[3,0,3 

die 



,[3,0,3 
"'31 



"'11 



/,2,1 



^[2,0,2; 



^[2,0,2: 
"3,£ 

j[0,2,0 



j[0,2,0: 
"31 



/,0,1 



/,o,i 



,[0,0,0 
"'21 



,[0,0,0 
"41 



,2 (^ + 2)1(^ + 4)! ^^ , ji,4,i]_o^-2 3(^ + 3)!(£ + 5)! , 

(2^ + 3)! ^' "^2,^ " 5(2£ + 5)! ' 



._33(£ + 4)!(£ + 5)!, 



^ 35(2;+7)! + + 



2^-^™-^(4. + 20. + .), 4r^^^-^^^^(^^-- 

^-^^^g^(-3), 4r--^^^|^..3)(.+^^ 

,_, (^ + 2)!(^ + 4)! [2,2,2] _ ,_3 7(£ + 3)!(£ + 5)! 

(2^ + 3)! ^' "^2,^ 9(2^ + 5)! + ^ ' 

,_45(£ + 4)!(£ + 6)! 

21(2£ + 7)! + 

,_, (f + 2)!(^ + 4)! ,[3,o,3]_g,-3 3(^ + 3)!(£ + 5)! 

^ (2^ + 3)! + "'^.^ 5(2^ + 5)! + ' 

,_49(£ + 4)!(£ + 6)! 

35(2£ + 7)! + 

^^-^^^.^(^^ . 5. + f 2) , 4!f ^ ^-™^(-^ ^ - ^ ^ 



,,_, 9(^ + 4)!(^ + 5)! , [,,,,1] _ ,_3 (^ + 5)!(^ + 7)! , 

175(2£ + 7)! +b3« + ib2j, -2 147(2^ + 9)1 ' 



_, 5(£ + 2)!(£ + 3)! , [2,0,2] _ ,,4 (^ + 3)!(^ + 4)! , 

~^{2iTW~^ ~ 7(2£ + 5)! 



,_7 3(^ + 4)!(^ + 5)! 2 , , ^..g^ Jo,2,o] _ ,_6(i+5)!(i±^r7/2 + 77/ + 2fi8l 

^ 175(2£ + 7)! ^^^^ + ^^^^ + ^^^^^ ' ^^'^ - ^ 105(2£ + 9)! + + ^^^^ 



,,_5 (^ + 2)!(^ + 4)! [1,0,1] _ ,,_3 (^ + 3)!(^ + 4)! , 

(2^ + 3)! ^' "^2/ 5(2£ + 5)! 



,_e 3(^ + 4)!(^ + 5)! , [1.0,1] _ ^,-4 (^ + 5)!(^ + 6)! 

35(2£ + 7)! +45^ + 118), ^4,. " 2 63(2£ + 9)! ' 

,_5 3(^ + 3)!(^ + 5)! ,[0,0,0] -3 9(^ + 4)1(^ + 6)! 

7(2£ + 5)! + "^3,^ 35(2£ + 7)! + "^^ ^ 



,_3 (^ + 5)1(^ + 7)! 

147(2£ + 9)! ^ + ^ ^ ^ 



For ^ = 0, 1 the general formulae are no longer correct in all cases, for those cases which 
are different from what would be given from <\b\4:^ we have 

j[0,4,0] _ g ,[0,4,0] _ 9 j[0,4,0] _ JJ_ ,[0,4,0] _ ^ 

"1,0 ~ ^ ' "2,0 ~ 5 ' "3,0 ~ 100 ' "4,0 ~ 441 ' 
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^[1,2,1] 
"1,1 


162 

~ 35 ' 


"2,1 


1912 
1225 ' 


^[1,0,1] 
"l,l 


_ 3 
5 ' 


^[1,0,1] _ 
"2,1 ~ 


64 

105 ' 


^[2,0,2] 
"l,0 


= 2, 


j[2,0,2] 
"2,0 


_ 9 
14 ' 


j[2,0,2] _ 
"3,0 ~ 


32 

245 ' 


^[2,2,2] _ 
"2,0 ~ 


109 
105 ' 


j[0,2,0] 
"l,0 


= 0, 


j[0,2,0] 
"l,2 


33 
20 ' 


J0,2,0] _ 
"2,0 ~ 


45 

112 ' 


j[0,2,0] _ 
"3,0 ~ 


1829 
19600 


j[0,0,0] 
"2,0 


9 

70 ' 


j[0,0,0] 
"3,0 


61 
1960 • 











(F.5) 
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